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Summary of Wolfram’s Talk
Axiomatic Motivation for DRO

( R
Definition: A risk measure pg is called ambiguity averse

if it satisfies for all X, Y € L..(Q0, Fo, Po):
M Ambiguity aversion: If {Fy : Pe Py} C {Fy : P e Py},
then po(X) < po(Y).
¥ Ambiguity monotonicity: If oo (Fy) < 0o(F ) for all
P € Py, then po(X) < po(Y).

\_ J

4 )

Proposition: Assume that (2, Fy, Py) is non-atomic and that
po Is ambiguity averse and translation invariant.

Then the risk measure satisfies

po(X) = sup go(Fx) VX € Lo(Qo, Fo, Po).
PePo
. /
“Dice”-sion Making under Uncertainty: When Can a Random Decision Reduce Risk? 9&10/19




Summary of Wolfram’s Talk
Randomisation proof/receptiveness
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Distributionally Robust
Uncapacitated Facility Location Problem

& alan
The UFLP is formulated as:
a | N

minimize max K g E T+ E E C
oy FeeD ¢ fj j & i7Yij

J: set of potential facility locations
1L: set of customers

fj: setup cost of facility j
¢;: demand of customer i
Cij: unit shipping cost from j to i

x; = 1if facility j is opened, O otherwise
yij = 1if customer i’s demand is served
by facility j

| jeT HEJ BEIL
subject to Z s = e 1L (1)
JET
yijgazj ,\V/’iGI,jGJ (2)

e N z € {0, 1}V, y € {0, 1}1ZIxI7] 3) o




$1 €[0,d]

Without randomization

@ v = min sup EFS[f($1 + x2) +
T,y F&ED

c(é1y12 + &2921)]

Solution 1:
:1:’{1 =1, y%‘% =1, v*' = f+cd

Solution 2:

a:§2:1, yi"%zl, v*2 = f+cd

Optimal value : v; = f + cd, the
worst-case distribution puts all the
mass on the wrong node.

€12 =C1 =C
€11 =C2 =0

h=h=f
f>cd

$1+é<d

+I_v B E%N T N I T\ i i

lllustrative Example

2 €[0,d]

With randomization

v = min supI[{lF£ [Zpk(f(:cikk—k
P1,pP2 Fgep k

T3F) + c(€1yts +&2y3t))]
Randomized solution

p*: p] =p5=0.5
Randomized optimal value :
v = f+ cd/2

Randomization ensures that each
unit of demand has 50% chance
of staying at same node.

y
4/20



$1 €[0,d]

Without randomization

Q vd—mln sup Epg[ (r1 4+ z2) +
Wyl FSED

c(é1y12 + &2921)]
luti 1:

Solu_lon \
1 = 1,795

SOW

oo — T,

Optimal value =
worst-case \HSM

mass on the wrong node.

10+

Randomization reduces
worst-case expected cost by «cd/2»
(i.e. up to 25%)

lllustrative Example

€12 =C1 =C
€11 =C2 =0

f

=f=f
f>cd

$1+é,=d ¢, €10,d]

With randomization

min sup IEF£ [Zpk(f(
P1,pP2 F& cD

59+ c(&1yfs +E2u57))]

Ao /ﬂu‘cl}

alue :

%k

Ovr

"‘QllI’CS at each

Nﬂd as du%o chance
4 \ of staying at same node.

+Ihv B E%N T N I T\ i i

y
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Two-Stage Distributionally Robust
Capacitated Facility Location Problem

& 2 =
200l Analn

The Two-Stage DR CFLP is formulated as:

minimize max K x4+ G(z,
minimize  max Br, ny i+ Gl,€)
where
0]
subject to ZZ"J > & ViecT
J
> % < Vi VieJ

HEC MONTREAL 5/20
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Two-Stage Distributionally Robust
Capacitated Facility Location Problem

& 2 =
200l Analn

The Two-Stage DR CFLP is formulated as:

minimize max K g, Z firi + G(x,§)

re{0,1} I FeeD .
10,1} ; jea _
where
G(x,£) :=  min g Ci i%i i
( ) ) ZER|I|X|~7| & 1,]7~1,]
i,]
\ /
B How much i~ T
\

= - //«r/c L
improvement can be achieved usmg —

randomization here ???

/Q\ Vjej

HEC MONTREAL 5/20



The Value of Randomized Solutions

We define the pure strategy problem

L b = IO SUp pe-F h(z, &) J (PSP)

We define the randomized strategy problem

= ' - h(X,
[v FménAl?Xo)}iUé%p(X’&) Fxng[ ( f)D (RSP)

We define the value of randomized solutions

[VRS — vd—vr]

HEC MONTREAL 6/20




Agenda

e A Tractable Upper Bound for VRS
M Bound obtained from the Convex Relaxations

M Implications for Totally Unimodular MILP

e Column-Generation Approach for TS-DRO Problems

e Numerical experiments
M DR Assignment Problems

M DR Uncapacitated Facility Location Problems
M Two-Stage DR Capacitated Facility Location Problems



Bounding VRS using Convex Hull of &y

/Theorem 1. Given that p is a convex risk measure and h(x, &) a convexr function wz’th\
respect to x for all £ € R™. Let X be any set known to contain the convex hull of Xy,
then

VRS < vg — min sup pe~r, ((2,§)) -

zeX F.eD
\a ; 5/

HEC MONTREAL 8/20



Bounding VRS using Convex Hull of &y

/Theorem 1. Given that p is a convex risk measure and h(x, &) a convex function with
respect to x for all £ € R™. Let X be any set known to contain the convex hull of Xy,
then

VRS < vg — min sup pe~r, ((2,§)) -

k reX F.€D j
Proof: min su ~F. (h(x, < min su ~F. (h(zx,
iy sup e Fe (h(z,§)) <, sup e F. (h(z,£))

= min su ~
Jnin, sup pe re (9(8))

= min su N G
FgeA(g)Fge%P(G,g) FQXFg( (f))

= min su N G
FgeA(go)Fge%p(G’g) FgXF£< (£))

— inf Su - h X,
erA(C(xO))FEG%’O(X@ FoxFe (R(X,€))

< inf su N WX, 6 = v, .
Where T FxEA(XO) FgEI’)DIO(X’S) FmXFg [ ( 5)]

G:={9:R" = R|dz € C(Xp), g(&) > h(x,&)VES
HEC MONTREAL G0 1= {9 : R™ — R |Jz € C(AD), g(&) = h(z, &)V ES



Bounding VRS using Convex Hull of &y

\a

/Theorem 1. Given that p is a convex risk measure and h(x, &) a convex function with
respect to x for all £ € R™. Let X be any set known to contain the convex hull of Xy,
then

VRS < vg — min sup pe~r, ((2,§)) -
reX F:€D /

HEO

Proof: min su ~F. (h(x, < min su ~F. (h(zx,
iy sup e F (h( 5))_x€C(XO)F£€%P£ F. (h(z,£))

= min su ~
Jnin, sup pe re (9(8))

= min su N G
FgeA(g)Fge%P(G,g) FQXFg( (f))

= min su N G
FQEA(go)Fge%p(G’g) FgXF£< (£))

=  inf Sup p(x ek, xFe (X))

If X =C(Ap),the risk measure is the expected value, and
the cost function is linear in x, then this bound is tight and
is achieved by any F; €¢ A(&p) : Exp+[X] = 2" -

NI \ 797 S J



Distributionally Robust Assignment Problem

J : set of potential recipient

7T : set of donated organs

&i.j - incompatibility score

between organ ¢ and recipient j

xij = 1 if we assign organ ¢

to recipient j

The DR ASS|gnment Problem is formulated as:

4 R

min max [Eg,\,pg S‘ S‘ S
CIZEXAP FgE'D
ZEI JeJ
where
Z i = 1, Vi
X — O 1 N, XN jEJ .
AP 336{, } wazl,v,]
HEC MONTRE)\ ! / 9120




VRS for DR Assignment Problem

Ggi min max E¢op g g Eii T
xGXAP FgED S & - - J
Y

{VRS: min 6" (x|U{) — min 5*(513’]1/1)}

TEXAP x’EXAP

where

( | D @iy =1,Vi )
- )
An optimal randomized strategy can be obtained by
solving: minimize ||2'" — Z piz” |
H o pes kekC 40




Agenda

e Column-Generation Approach for TS-DRO Problems

e Numerical experiments
M DR Assignment Problems

M DR Uncapacitated Facility Location Problems
M Two-Stage DR Capacitated Facility Location Problems



Two-Stage Distributionally Robust
Capacitated Facility Location Problem

& 2 =
200l Analn

The Two-Stage DR CFLP is formulated as:

minimize max K x4+ G(z,
minimize  max Br, ny i+ Gl,€)
where
0]
subject to ZZ"J > & ViecT
J
> % < Vi VieJ

HEC MONTREAL 12/20
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Two-Stage Distributionally Robust
Linear Program with RHS Uncertainty

A Two-Stage DR LP with RHS uncertainty is formulated as:

minimize sup Eeop [cfz+ G(z,
xeXQ{O,%}”Fge% el @+ G )

where . T
G(x,€) := min c3y

s.t. Ax + By < W&4b
We wish to identify the optimal randomized strategy

. e I N TX G ){'7
WA 2, Bl X 6000

which can be simplified since feasible set X’ is discrete
minimize sup Z prci o + Eer, [Z PG (2", )]

%
PEACRYT Fe€D pok kEK )

HEC MONTREAL g(p, &)
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Under the Wasserstein Ambiguity Set

Given a sample set {gl, e 7éN}, we assume the ambiguity

set is a Wasserstein ball:
PF (f & E) — 1
D(e) ;=<K F & A
(€ { : | dw (Fe, Fe) < e }

Based on Mohajerin Esfahani & Kuhn (2017), the DRO can be

reformulated as:
minimize Z claFpr + Xe + (1/N) Z Sn

pEANER,s ek -
subject to  sup g(p,§) — All§ — &nll < sny Vn
IS
D Ph=
kel

HEC MONTREAL
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Under the Wasserstein Ambiguity Set

Given a sample set {gl, e 7éN}, we assume the ambiguity
set is a Wasserstein ball:
P cz)=1
Do) = {p| BFE €
dw (Fg, Fe) < €

Based on Mohajerin Esfahani & Kuhn (2017), the DRO can be
reformulated as:

Equivalently as: minimize Z ci z¥pi + Ae + (1/N) Z Sn

pEANER,s hek -
subject to sup g(p, &) — Ay <s,, Vn
(€,7)€E,
> Pe=1
ke

where

== {(E,)I€ €E, 1€ — &l <)

HEC MONTREAL 14/20



Formulating a Large-scale LP

When 1-norm is used and = is polyhedral, each = =, is polyhedral,
since g(p, ) IS convex, one can instead enumerate the vertices

minimize Z claFp, + e+ (1/N) Z Sn

pEANER,s ek -
subject to Zka(:Ek,§h”) — ' <s,,Vn, Vh, € H,
kek
> pr=1
kel

One can solve this large scale linear program using a two-layer
column and constraint generation

HEC MONTREAL 15/20



Formulating a Large-scale LP

: —/ . :
When 1-norm is used, each = is polyhedral, since g(p, )
IS convex, one can instead enumerate the vertices

minimize Z claFp, + e+ (1/N) Z Sn

pEANER,s P -

subject to Zka(:Ek,§h”) — M <, Vn, Vh, € H
ke’
) =1
ke

One can solve this large scale linear program using a two-layer
column and constraint generation

IC/%]C —{%/ 1_>H—{H 1}n,\V/n
HEC MONTREAL 15/20



Two-layer Column Generation Algorithm

kl

X

= Xpet

Primal (K', H)

While UB > LB

While UBl > LBl

Primal (K', H")
&
P*y" H' =H'U{h}
LB, UB4

Subproblem 1

UB,H'

Dual (K,H")

LB, K’

HEC MONTREAL

q

While UBZ > LBZ

Dual (K',H")

*

xk!

K =K' U {k')

UBZ LBZ

Subproblem 2

16/20



Agenda

e Numerical experiments
M DR Assignment Problems

M DR Uncapacitated Facility Location Problems

M Two-Stage DR Capacitated Facility Location Problems



Quality of Bound & True VRS

Random DR Assignment Instances, |1|=15
30%

25%

20%

Improvement %
[ =
o 9, ]
X X

u
X

Q
xX

0 10 20 30 40 50 60 70 80 9 100 200 300 400 500 600 700 800 900 1000

'
(4]
X

epsilon

-= Actual VRS (avQ)
-+ Actual VRS (max)

-=- Bound (avQ)
-+ Bound (max)

HEC MONTREAL 18/20




Quality of Bound & True VRS

5]
X

Improvement %
= [
(=}
R

Y
X

30%

o
X
°L

Random DR Assignment Instances, |1|=15

A

Random DR UFLP Instances, |I|=|J|=100
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Improvement%
(=)
(%2
X

1,0%

0,5%

0,0%
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HEC MONTREAL

-= Actual VRS (avQ)
-+ Actual VRS (max)

-=- Bound (avQ)
-+ Bound (max)
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Quality of Bound & True VRS

30%
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Improvement %
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Random DRCFLP Instances, |I|=]J]|=15
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Optimal Support Size & Computation Time

Random DR Assignment Instances, |1|=15

180 12

10

[<)]
Computational Time (sec)

0 —
0 10 20 30 40 50 60 70 80 90 100 200 300 400 500 600 700 800 900 1000

= |Support| (avg)
|Support| (max)

— CPU Time (avg)
CPU Time (max)

epsilon

/120
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Optimal Support Size & Computation Time

Random DR Assignment Instances, |1|=15

30

|Support|

25

20

| Support|
e

10

0 '

epsilon

Random DR UFLP Instances, |I|=]J|=100
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Optimal Support Size & Computation Time

Random DR Assignment Instances, |1|=15
Random DR CFLP Instances, |1|=]J|=15
= 12 500 |=1J]=100
i 10 400 . —
. AT
e o '(:u S
bt 200 E §
4 I \ 5
) i
100
2 y
|1 |
’ 0 10 20 30 40 50 60 70 80 90 100 110 120 130 140 150 160 170 180 190 200 ’
epsilon
= |Support| (avg)
|Support| (max)
— CPU Time (avg)
HEC MONTREAL CPU Time (max) |,
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