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Illustrative example
• Consider a newsvendor problem: 

      Sales price : 1.25$/unit  
       Ordering cost : 1$/unit 
       Demand : [0, 100] units 

 2

Order\Demand 0 unit 50 units 100 units Worst-case
profit

Worst-case 
regret

0 unit 0 $ 0 $ 0 $ 0 $ 25 $

20 units -20 $ 5 $ 5 $ -20 $ 20 $

100 units -100 $ -37,50 $ 25 $ -100 $ 100 $

Robust solution

Minmax Regret solution
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Two-stage linear program
We consider the following two-stage linear program:  
 
 

with                                               ,  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X := {x 2 Rnx |Wx  v}
<latexit sha1_base64="9fpF4wBOtLU51+49VsQ+eeydCYM="></latexit><latexit sha1_base64="9fpF4wBOtLU51+49VsQ+eeydCYM="></latexit><latexit sha1_base64="9fpF4wBOtLU51+49VsQ+eeydCYM="></latexit><latexit sha1_base64="9fpF4wBOtLU51+49VsQ+eeydCYM="></latexit>

U := {⇣ 2 Rn⇣ |P⇣  q}
<latexit sha1_base64="J2tIhALY6JDsB/gaMFOTVDMt1ZE="></latexit><latexit sha1_base64="J2tIhALY6JDsB/gaMFOTVDMt1ZE="></latexit><latexit sha1_base64="J2tIhALY6JDsB/gaMFOTVDMt1ZE="></latexit><latexit sha1_base64="J2tIhALY6JDsB/gaMFOTVDMt1ZE="></latexit>

maximize
x2X

⇢
h(x, ⇣)

�

⇣2U
<latexit sha1_base64="JmGGNpkqGUgnrE3UF/h/sHkUSdY="></latexit><latexit sha1_base64="JmGGNpkqGUgnrE3UF/h/sHkUSdY="></latexit><latexit sha1_base64="JmGGNpkqGUgnrE3UF/h/sHkUSdY="></latexit><latexit sha1_base64="JmGGNpkqGUgnrE3UF/h/sHkUSdY="></latexit>

h(x, ⇣) := max
y

cTx+ dTy + fT ⇣

subject to Ax+By   ⇣ + , 8 ⇣ 2 U
<latexit sha1_base64="cmxLhxGT+mGOcnZQfqSPYtVzVCM="></latexit><latexit sha1_base64="cmxLhxGT+mGOcnZQfqSPYtVzVCM="></latexit><latexit sha1_base64="cmxLhxGT+mGOcnZQfqSPYtVzVCM="></latexit><latexit sha1_base64="cmxLhxGT+mGOcnZQfqSPYtVzVCM="></latexit>

and either RHS uncertainty:

or objective uncertainty:
h(x, ⇣) := max

y
cTx+ d(⇣)Ty

subject to Ax+By   
<latexit sha1_base64="tlRYMgbaqw8KKKxe9Mxxr2fE6OA="></latexit>
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Robust vs. Regret formulations

• Robust optimization (RO):  
 

• Worst-case Absolute Regret Minimization:  
 
 

• Worst-case Relative Regret Minimization:  
 

 4

maximize
x2X

min
⇣2U

h(x, ⇣)
<latexit sha1_base64="unabSBTQlJhQCyGeYHHI7NsgfPc="></latexit><latexit sha1_base64="unabSBTQlJhQCyGeYHHI7NsgfPc="></latexit><latexit sha1_base64="unabSBTQlJhQCyGeYHHI7NsgfPc="></latexit><latexit sha1_base64="unabSBTQlJhQCyGeYHHI7NsgfPc="></latexit>

4 TSLRO Reformulations for Worst-case Relative Regret
Minimization Problems

As defined in [5]confirm this, the worst-case relative regret criterion aims at evaluating per-
formance of a decision x with respect to the worst-case regret that might be experienced in
hindsight relatively to the best decision that could have been made. Mathematically speaking,
given a non-negative profit function h(x, ⇣) which depends on both the decision and the realiza-
tion of some uncertain vector of parameters ⇣, one measures the relative regret experienced once
⇣ is revealed as the ratio of the di↵erence between the best profit achievable maxx02X h(x0

, ⇣)
and the profit h(x, ⇣) achieved by the decision x that was implemented, over the best profit
achievable. The worst-case relative regret minimization (WCRRM) problem thus takes the form:

(WCRRM) minimize
x2X

max
⇣2U

⇢
maxx02X h(x0

, ⇣)� h(x, ⇣)

maxx02X h(x0, ⇣)

�
. (25)

We make the following two assumptions about the profit function in this two-stage problem.

Assumption 5. The profit function h(x, ⇣) � 0 for all x 2 X and all ⇣ 2 U

Assumption 6. It is possible to achieve a strictly positive worst-case profit, namely

9x 2 X , 8⇣ 2 U , h(x, ⇣) > 0 .

This implies that the optimal value of problem (25) lies in the open interval [0, 1[.

While the first assumption simply formalize an hypothesis that needs to be made for problem
WCRRM to be meaningful, we argue that Assumption 6 is made without loss of generality since
if it not the case, then the WCRRM becomes trivial. Indeed, one can then simply consider any
x 2 X as an optimal solution to the WCRRM since it achieves the best possible worst-case
relative regret, i.e. 100%.

In what follows we demonstrate how the WCRRM problem can be reformulated as a TSLRO
when the profit function h(x, ⇣) captures the profit of a second-stage linear decision model with
either right-hand side or objective uncertainty.

4.1 The Case of Right-Hand Side Uncertainty

We consider the case where h(x, ⇣) takes the form presented in problem (3) and where uncer-
tainty is limited to the right-hand side as defined in Definition 1.

Proposition 5. Given that assumptions 1, 2, 3, 4, 5, and 6 are satisfied, the WCRRM problem

with right-hand side uncertainty is equivalent to the following TSLRO problem:

maximize
x02X 0,y0(·)

min
⇣02U 0

c0Tx0 (26a)

subject to A
0x0 +B

0y0(⇣0)   0(x0)⇣0 + 0
, 8 ⇣0 2 U 0 (26b)

where x
0 2 Rnx+1

, ⇣0 2 Rn⇣+nx+ny , y0 : Rn⇣+nx+ny ! Rny , c0 = [�1 0T ]T , while X 0 :=
{[t xT ]T 2 Rnx+1 |x 2 X , t 2 [0, 1]}, U 0

is defined as in equation (17) and

A
0 =


0 �cT

0 A

�
, B

0 =


0T

B

�
,  0(x0) =


0T �cT �dT

 0 0

�
+


0T cT dT

0 0 0

�
x
0
1,  0 :=


0
 

�
.

In particular, a solution for the WCRRM takes the form of x⇤ := x0⇤
2:nx+1 and achieves a

worst-case relative regret of x
0
1.

9

revealed as the di↵erence between the best profit achievable maxx02X h(x0
, ⇣) and the profit

h(x, ⇣) achieved by the decision x that was implemented. The worst-case regret minimization
(WCARM) problem thus takes the form:

(WCARM) minimize
x2X

max
⇣2U

⇢
max
x02X

h(x0
, ⇣)� h(x, ⇣)

�
. (15)

While we encourage interested readers to find an extensive review of the recent work regarding
this problem formulation in [1], in what follows we demonstrate how the WCARM problem
can be reformulated as a TSLRO when the profit function h(x, ⇣) captures the profit of a
second-stage linear decision model with either right-hand side or objective uncertainty.

3.1 The Case of Right-Hand Side Uncertainty

We consider the case where h(x, ⇣) takes the form presented in problem (3) and where uncer-
tainty is limited to the right-hand side as defined in Definition 1.

Proposition 2. Given that assumptions 1, 2, 3, and 4 are satisfied, the WCARM problem with

right-hand side uncertainty is equivalent to the following TSLRO problem:

maximize
x2X ,y0(·)

min
⇣02U 0

cTx+ dTy0(⇣0) + f 0T ⇣0 (16a)

subject to Ax+By0(⇣0)   0⇣0 + , 8 ⇣0 2 U 0 (16b)

where ⇣0 2 Rn⇣+nx+ny , y0 : Rn⇣+nx+ny ! Rny , f 0 = [0T � cT � dT ]T , and  0 :=
⇥
 0 0

⇤
,

while U 0
is defined as a new uncertainty set as:

U 0 := {⇣0 2 Rn⇣+nx+ny |P 0⇣0  q0} (17)

with

P
0 =

2

4
P 0 0
0 W 0

� A B

3

5 , and q0 :=

2

4
q
v
 

3

5 .

Proof. By substituting problem (3) in problem (15) after replacing C = 0, f = 0, and  (x) =  
as prescribed by Definition 1, we can proceed with the following simple step:

WCARM ⌘ minimize
x2X

max
⇣2U

⇢
max

x02X ,y02Y(x0,⇣)
cTx0 + dTy0 � max

y2Y(x,⇣)
cTx+ dTy

�
(18a)

⌘ minimize
x2X

max
⇣2U ,x02X ,y02Y(x0,⇣)

min
y2Y(x,⇣)

cTx0 + dTy0 � cTx� dTy (18b)

⌘ maximize
x2X

min
⇣2U ,x02X ,y02Y(x0,⇣)

max
y2Y(x,⇣)

�cTx0 +�dTy0 + cTx+ dTy (18c)

where Y(x, ⇣) := {y 2 Rny |Ax + By   ⇣ +  }, and where we simply regrouped the min-
imization and maximization operations together, and later rewrote the minimization problem
as a maximization problem with the understanding that an optimal value for WCARM can be
obtained by changing the sign of the optimal value returned from problem (18c).

In order to formulate a TSLRO model, we simply consider a lifted uncertain vector composed
as ⇣0 := [⇣T x0T y0T ]T which needs to realize inside the polyhedron defined as

U 0 := {[⇣T xT yT ]T 2 Rn⇣+nx+ny |P⇣  q, x 2 X , Ax+By   ⇣ + } .

One also needs to consider that since ⇣ has been lifted to ⇣0, the recourse decision y might need
to depend on all the information revealed by ⇣0 in order to be optimal. This completes the proof
of how the TSLRO model presented in (16) is equivalent to the WCARM.

6
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Literature on Minimax Regret Minimization
• Definition and axiomatization (Savage [1951], Milnor [1954],Stoye [2011]) 
• Empirical evidence of « regret aversion » (Bleichrodt et al. [2010], G. Loomes & R. 

Sugden (1982)) 
• « Less conservative than RO » (Savage [1951], Perakis and Roels [2008]; Natarajan et 

al. [2014],…) 
• Difficulty of resolution:  

• Many combinatorial problems are NP-hard (Aissi et al. [2009]) 
• Some single-stage LP problems are known to be solvable in polynomial 

time 
• RHS & box uncertainty (Gabrel & Murat [2010]) 
• Resource allocation with objective and box uncertainty (Averbakh [2004]) 

• General single-stage LP with obj. and box uncertainty is NP-hard 
(Averbakh & Lebedev [2005]) 

• Solution schemes mostly rely on Vertex Enumeration + Decomposition with 
MILP slave problem (Inuiguchi & Sakawa [1995], Ng [2013], Ning & You [2018]) 

• Many applications to production scheduling, portfolio selection, knapsack 
problems, pricing, newsvendor, …  5
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Outline

 6

• Introduction  

• Regret minimization is as difficult as Two-Stage 
Robust Optimization 

• Optimality of Affine Decision Rules 

• Numerical experiments 

• Conclusion
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Outline

 7

• Introduction  

• Regret minimization is as difficult as Two-
Stage Robust Optimization  

• Optimality of Affine Decision Rules 

• Numerical experiments 

• Conclusion
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Regret minimization is as difficult 
as two-stage robust optimization

 8

Proposition. Under reasonable conditions, both the WCARM and
WCRRM problems with either objective or right-hand-side uncer-
tainty can be equivalently reformulated using the following two-stage
linear robust optimization model:

<latexit sha1_base64="Pgb5MKHUkNYjBD/hMh9F8QEZmOs="></latexit><latexit sha1_base64="Pgb5MKHUkNYjBD/hMh9F8QEZmOs="></latexit><latexit sha1_base64="Pgb5MKHUkNYjBD/hMh9F8QEZmOs="></latexit><latexit sha1_base64="Pgb5MKHUkNYjBD/hMh9F8QEZmOs="></latexit>

(TSLRO) maximize
x,y(·)

min
⇣2U

(C⇣ + c)Tx+ dTy(⇣) + fT ⇣

subject to Ax+By(⇣)   (x)⇣ + , 8 ⇣ 2 U
x 2 X

<latexit sha1_base64="M5Uon1VwN3AYN9VzuYq0S9cXgBQ="></latexit><latexit sha1_base64="M5Uon1VwN3AYN9VzuYq0S9cXgBQ="></latexit><latexit sha1_base64="M5Uon1VwN3AYN9VzuYq0S9cXgBQ="></latexit><latexit sha1_base64="M5Uon1VwN3AYN9VzuYq0S9cXgBQ="></latexit>
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TSLRO solution schemes can 
be ported to regret problems

• Exact methods (Zeng & Zhao [2013], Ayoub & Poss [2016]) 
• Conservative approximations using: 

• Linear decision rules (Ben-Tal et al. [2004], Kuhn et al. [2011]) 
• Non-linear decision rules (Chen et al. [2008], Bertsimas et al. [2011]) 
• Finite adaptability (Bertsimas & Caramanis, [2010]) 
• Adaptive partitioning (Bertsimas & Dunning [2016], Postek & den Hertog 

[2016]) 
• Dualized reformulations & finite scenario approach (Bertsimas & de 

Ruiter [2016]) 
• Fourier-Motzkin elimination (Zhen et al. [2018]) 
• Copositive programming reformulations (Xu & Burer [2018], Hanasusanto 

& Kuhn [2018])

 9*See recent survey (Yanikoglu et al. [2018]) 
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Assumptions for 
reformulating WCARM

 10

1. The set      is a non-empty polyhedron  

2. The problem satisfies the property of relatively 
complete recourse

X := {x 2 Rnx |Wx  v}
<latexit sha1_base64="9fpF4wBOtLU51+49VsQ+eeydCYM="></latexit><latexit sha1_base64="9fpF4wBOtLU51+49VsQ+eeydCYM="></latexit><latexit sha1_base64="9fpF4wBOtLU51+49VsQ+eeydCYM="></latexit><latexit sha1_base64="9fpF4wBOtLU51+49VsQ+eeydCYM="></latexit>

WCARM WCRRM

Obj.

RHS

…

…

?

?

8x 2 X , 8⇣ 2 U , 9y 2 Rny , Ax+By   (x)⇣ + }
<latexit sha1_base64="yfhNVLh0cSMw5yovBozjP2SPeWM="></latexit>
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TSLRO{WCARM with RHS 
uncertainty

 11

WCARM WCRRM

Obj.

RHS

where

revealed as the di↵erence between the best profit achievable maxx02X h(x0
, ⇣) and the profit

h(x, ⇣) achieved by the decision x that was implemented. The worst-case regret minimization
(WCARM) problem thus takes the form:

(WCARM) minimize
x2X

max
⇣2U

⇢
max
x02X

h(x0
, ⇣)� h(x, ⇣)

�
. (15)

While we encourage interested readers to find an extensive review of the recent work regarding
this problem formulation in [1], in what follows we demonstrate how the WCARM problem
can be reformulated as a TSLRO when the profit function h(x, ⇣) captures the profit of a
second-stage linear decision model with either right-hand side or objective uncertainty.

3.1 The Case of Right-Hand Side Uncertainty

We consider the case where h(x, ⇣) takes the form presented in problem (3) and where uncer-
tainty is limited to the right-hand side as defined in Definition 1.

Proposition 2. Given that assumptions 1, 2, 3, and 4 are satisfied, the WCARM problem with

right-hand side uncertainty is equivalent to the following TSLRO problem:

maximize
x2X ,y0(·)

min
⇣02U 0

cTx+ dTy0(⇣0) + f 0T ⇣0 (16a)

subject to Ax+By0(⇣0)   0⇣0 + , 8 ⇣0 2 U 0 (16b)

where ⇣0 2 Rn⇣+nx+ny , y0 : Rn⇣+nx+ny ! Rny , f 0 = [0T � cT � dT ]T , and  0 :=
⇥
 0 0

⇤
,

while U 0
is defined as a new uncertainty set as:

U 0 := {⇣0 2 Rn⇣+nx+ny |P 0⇣0  q0} (17)

with

P
0 =

2

4
P 0 0
0 W 0

� A B

3

5 , and q0 :=

2

4
q
v
 

3

5 .

Proof. By substituting problem (3) in problem (15) after replacing C = 0, f = 0, and  (x) =  
as prescribed by Definition 1, we can proceed with the following simple step:

WCARM ⌘ minimize
x2X

max
⇣2U

⇢
max

x02X ,y02Y(x0,⇣)
cTx0 + dTy0 � max

y2Y(x,⇣)
cTx+ dTy

�
(18a)

⌘ minimize
x2X

max
⇣2U ,x02X ,y02Y(x0,⇣)

min
y2Y(x,⇣)

cTx0 + dTy0 � cTx� dTy (18b)

⌘ maximize
x2X

min
⇣2U ,x02X ,y02Y(x0,⇣)

max
y2Y(x,⇣)

�cTx0 +�dTy0 + cTx+ dTy (18c)

where Y(x, ⇣) := {y 2 Rny |Ax + By   ⇣ +  }, and where we simply regrouped the min-
imization and maximization operations together, and later rewrote the minimization problem
as a maximization problem with the understanding that an optimal value for WCARM can be
obtained by changing the sign of the optimal value returned from problem (18c).

In order to formulate a TSLRO model, we simply consider a lifted uncertain vector composed
as ⇣0 := [⇣T x0T y0T ]T which needs to realize inside the polyhedron defined as

U 0 := {[⇣T xT yT ]T 2 Rn⇣+nx+ny |P⇣  q, x 2 X , Ax+By   ⇣ + } .

One also needs to consider that since ⇣ has been lifted to ⇣0, the recourse decision y might need
to depend on all the information revealed by ⇣0 in order to be optimal. This completes the proof
of how the TSLRO model presented in (16) is equivalent to the WCARM.

6

WCARM ⌘ minimize
x2X

max
⇣2U

⇢
max

x02X ,y02Y(x0,⇣)
cTx0 + dTy0 � max

y2Y(x,⇣)
cTx+ dTy

�

<latexit sha1_base64="ltwLayVlq85rTYuyirrtNlG8WgM="></latexit><latexit sha1_base64="ltwLayVlq85rTYuyirrtNlG8WgM="></latexit><latexit sha1_base64="ltwLayVlq85rTYuyirrtNlG8WgM="></latexit><latexit sha1_base64="ltwLayVlq85rTYuyirrtNlG8WgM="></latexit>

⌘ minimize
x2X

max
⇣2U,x02X ,y02Y(x0,⇣)

min
y2Y(x,⇣)

cTx0 + dTy0 � cTx� dTy
<latexit sha1_base64="DsqHUoFRTzNQO+/RxCWvAgBTdNc="></latexit><latexit sha1_base64="DsqHUoFRTzNQO+/RxCWvAgBTdNc="></latexit><latexit sha1_base64="DsqHUoFRTzNQO+/RxCWvAgBTdNc="></latexit><latexit sha1_base64="DsqHUoFRTzNQO+/RxCWvAgBTdNc="></latexit>

best profit reachable {best recourse

TSLRO !!!≡

⌘ maximize
x2X

min
⇣2U,x02X ,y02Y(x0,⇣)

max
y2Y(x,⇣)

�cTx0 � dTy0 + cTx+ dTy
<latexit sha1_base64="JnL3ELNJcS3WcPS1h65phI3y5u8="></latexit><latexit sha1_base64="JnL3ELNJcS3WcPS1h65phI3y5u8="></latexit><latexit sha1_base64="JnL3ELNJcS3WcPS1h65phI3y5u8="></latexit><latexit sha1_base64="JnL3ELNJcS3WcPS1h65phI3y5u8="></latexit>

…

…?

?
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WCARM with 
objective uncertainty

 12

WCARM WCRRM

Obj.

RHS TSLRO

and where the matrices

C
0 :=

⇥
0 �A

T
⇤
, d0 :=


� 
�v

�
, f 0 :=


0
 

�
,

A
0 :=

2

6666664

0
0
0
0
0
0

3

7777775
, B

0 :=

2

6666664

A
T

W
T

�A
T �W

T

B
T 0

�B
T 0

�I 0
0 �I

3

7777775
,  0 :=

2

6666664

0 0
0 0
D 0

�D 0
0 0
0 0

3

7777775
, and  0 :=

2

6666664

c
�c
d

�d
0
0

3

7777775

are considered.

Proof. Let us consider the following maximization problem which is a part of the WCARM
problem with objective uncertainty:

max
x02X

h(x0
, ⇣) = max

x0,y0
cTx0 + dT (⇣)y0 (22a)

subject to Ax0 +By0   (22b)

Wx0  v (22c)

Based on Assumption 3, there necessarily exists a x0 and y0 that makes problem (22) feasible.
Therefore, strong duality holds and the dual form of problem (22) can be derived by introducing
the dual variabes � 2 Rm and � 2 Rr associated with constraints (22b) and (22c), respectively.
Thus, we obtain:

max
x02X

h(x0
, ⇣) = min

��0,��0
 T�+ vT� (23a)

subject to A
T�+W

T� = c (23b)

B
T� = d(⇣) . (23c)

Since the strong duality property holds for deriving both problems (11) and (22), it is possible
to rewrite the WCARM problem by substituting both h(x, ⇣) and maxx02X h(x0

, ⇣) using there
respective dual form, which results to the following reformulation:

WCARM ⌘ minimize
x2X

max
⇣2U

⇢
max
x02X

h(x0
, ⇣)� h(x, ⇣)

�

⌘ minimize
x2X

max
⇣2U

⇢
min

(�,�)2⌥1(⇣)
 T�+ vT� � min

⇢2⌥2(⇣)
cTx+ ( �Ax)T⇢

�

⌘ minimize
x2X

max
⇣2U ,⇢2⌥2(⇣)

min
(�,�)2⌥1(⇣)

 T�+ vT� � cTx� ( �Ax)T⇢

⌘ maximize
x2X

min
⇣2U ,⇢2⌥2(⇣)

max
(�,�)2⌥1(⇣)

� T�� vT� + cTx+ ( �Ax)T⇢ (24)

where ⌥1(⇣) := {(�,�) 2 Rm⇥Rr |� � 0,� � 0, (23b), (23c)} and ⌥2(⇣) := {⇢ 2 Rm |BT⇢ =

d(⇣), ⇢ � 0}. By using the two liftings ⇣0 =


⇣
⇢

�
and y0(⇣) :=


�(⇣)
�(⇣)

�
, problem (24) can be

rewritten in the form presented in equation (20).

Once again, Proposition 4 states that the WCARM model with objective uncertainty can be
reformulated as a TSLRO problem and can therefore benefit from development in exact solution
methods and conservative approximations presented in sections 2.1.1, 2.1.2, 2.2, and 2.3.

8

and where the matrices

C
0 :=

⇥
0 �A

T
⇤
, d0 :=


� 
�v

�
, f 0 :=


0
 

�
,

A
0 :=

2

6666664

0
0
0
0
0
0

3

7777775
, B

0 :=

2

6666664

A
T

W
T

�A
T �W

T

B
T 0

�B
T 0

�I 0
0 �I

3

7777775
,  0 :=

2

6666664

0 0
0 0
D 0

�D 0
0 0
0 0

3

7777775
, and  0 :=

2

6666664

c
�c
d

�d
0
0

3

7777775

are considered.

Proof. Let us consider the following maximization problem which is a part of the WCARM
problem with objective uncertainty:

max
x02X

h(x0
, ⇣) = max

x0,y0
cTx0 + dT (⇣)y0 (22a)

subject to Ax0 +By0   (22b)

Wx0  v (22c)

Based on Assumption 3, there necessarily exists a x0 and y0 that makes problem (22) feasible.
Therefore, strong duality holds and the dual form of problem (22) can be derived by introducing
the dual variabes � 2 Rm and � 2 Rr associated with constraints (22b) and (22c), respectively.
Thus, we obtain:
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B
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, ⇣) using there
respective dual form, which results to the following reformulation:

WCARM ⌘ minimize
x2X

max
⇣2U

⇢
max
x02X

h(x0
, ⇣)� h(x, ⇣)

�

⌘ minimize
x2X

max
⇣2U

⇢
min

(�,�)2⌥1(⇣)
 T�+ vT� � min

⇢2⌥2(⇣)
cTx+ ( �Ax)T⇢

�

⌘ minimize
x2X

max
⇣2U ,⇢2⌥2(⇣)

min
(�,�)2⌥1(⇣)

 T�+ vT� � cTx� ( �Ax)T⇢

⌘ maximize
x2X

min
⇣2U ,⇢2⌥2(⇣)

max
(�,�)2⌥1(⇣)

� T�� vT� + cTx+ ( �Ax)T⇢ (24)
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d(⇣), ⇢ � 0}. By using the two liftings ⇣0 =
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and y0(⇣) :=


�(⇣)
�(⇣)
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, problem (24) can be

rewritten in the form presented in equation (20).

Once again, Proposition 4 states that the WCARM model with objective uncertainty can be
reformulated as a TSLRO problem and can therefore benefit from development in exact solution
methods and conservative approximations presented in sections 2.1.1, 2.1.2, 2.2, and 2.3.
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program. Strong duality therefore holds and can be exploited to derive problem (7)’s so called
robust counterpart:

maximize
x2X ,y,Y,�,�

cTx+ dTy � qT�, (8a)

subject to C
Tx+ Y

Td+ f + P
T� = 0, (8b)

Ax+By � + ⇤q  0, (8c)

 (x)�BY + ⇤P = 0, (8d)

⇤ � 0,� � 0 (8e)

where � 2 Rs and ⇤ 2 Rm⇥s are the dual variables that arise when applying duality to the
objective function (7a) and each constraint of (7b), respectively.

2.2 Conservative Approximation using Non-linear Decision Rules

TBA.

2.3 The Dualized Reformulation

TBA.

2.4 The Case of Objective Function Uncertainty

An alternative (although less popular) class of two-stage robust linear optimization problem
makes the assumption that the uncertainty is limited to the objective function. This is summa-
rized in the following formulation:

maximize
x2X ,y(⇣)

min
⇣2U

cTx+ dT (⇣)y(⇣) (9a)

subject to Ax+By(⇣)   , 8 ⇣ 2 U , (9b)

where d : Rn⇣ ! Rny is assumed to be a�ne mapping of ⇣, i.e., we can characterize it in the
form d(⇣) := D⇣ + d, for some D 2 Rny⇥n⇣ and d 2 Rny . As for the case of fixed recourse
problems, the model can be reformulated in a format that emphasizes the dynamics:

maximize
x2X

min
⇣2U

h(x, ⇣) (10a)

where the recourse problem is defined as:

h(x, ⇣) := max
y

cTx+ dT (⇣)y (11a)

subject to Ax+By   (11b)

To simplify exposition, we can again restrict our attention to problems where assumptions 1, 2,
3 and 4 are applicable. In particular, Assumption 3, which was referred as relatively complete
recourse, simply reduces to the fact that X ✓ {x 2 Rnx |9y 2 Rny , Ax + By   } which can
easily be imposed.

From a computational perspective, problem (9) is more appealing than the TSLRO problem
in (1) as one can easily verify that it can be reformulated as an equivalent linear program.

4

h(x, ⇣)
<latexit sha1_base64="OkOj0aHwGBxY4Oh4x7779U5f9pc="></latexit><latexit sha1_base64="OkOj0aHwGBxY4Oh4x7779U5f9pc="></latexit><latexit sha1_base64="OkOj0aHwGBxY4Oh4x7779U5f9pc="></latexit><latexit sha1_base64="OkOj0aHwGBxY4Oh4x7779U5f9pc="></latexit>

=

Proposition 1. Given that assumptions 1, 2, 3 and 4 are satisfied, Problem (9) can be refor-

mulated as the following equivalent linear program:

maximize
x2X ,y0,�,�

cTx+ dTy � qT� (12a)

subject to Ax+By � � =  (12b)

P
T�+D

Ty = 0 (12c)

� � 0,� � 0 (12d)

Proof. Based on Assumption 3, for all x 2 X and all ⇣ 2 U , there exists a y for which problem
(11) is feasibe. Therefore, strong duality property holds for problem (11) and duality can be
used to reformulate it as a minimization problem:

h(x, ⇣) := min
⇢

cTx+ ( �Ax)T⇢ (13a)

subject to B
T⇢ = d(⇣) (13b)

⇢ � 0 (13c)

where ⇢ 2 Rm is the dual variable associated to constraint (11b). Therefore, problem (10) can
be rewritten as problem (14):

min
⇣2U

h(x, ⇣) = min
⇣,⇢

cTx+ ( �Ax)T⇢ (14a)

subject to B
T⇢ = D⇣ + d (14b)

⇢ � 0 (14c)

P⇣  q , (14d)

where we exploited the definition of d(⇣).
According to Assumption 4, for all x 2 X there is a ⇣̂ for which problem (11) has finite

optimal value and is bounded. By strong duality property , problem (13) must also have a finite
optimal value for the same ⇣̂, hence it must have a feasible solution ⇢̂. We conclude that (⇣̂, ⇢̂)
is a feasible solution for problem (13). Therefore, strong duality applies for the minimization
problem in (14) and ensures that

min
⇣2U

h(x, ⇣) = max
y0,�,�

cTx+ dTy0 � qT�

subject to Ax+By0 � � =  

P
T�+D

Ty0 = 0

� � 0,� � 0

where y 2 Rny , � 2 Rm and � 2 Rs are the dual variables associated with the constraints
(14b), (14c), and (14d) respectively. This maximization problem can be reintegrated with the
maximization over x 2 X to obtain problem (12).

3 TSLRO Reformulations for Worst-case Absolute Regret
Minimization Problems

As defined in [5], the worst-case absolute regret criterion aims at evaluating the performance
of a decision x with respect to the so-called “worst-case regret” that might be experienced in
hindsight when comparing x to the best decision that could have been made. Mathematically
speaking, given a profit function h(x, ⇣) which depends on both the decision and the realiza-
tion of some uncertain vector of parameters ⇣, one measures the regret experienced once ⇣ is

5

=

…

…
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Proof. Let us consider the following maximization problem which is a part of the WCARM
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subject to Ax0 +By0   (22b)
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Based on Assumption 3, there necessarily exists a x0 and y0 that makes problem (22) feasible.
Therefore, strong duality holds and the dual form of problem (22) can be derived by introducing
the dual variabes � 2 Rm and � 2 Rr associated with constraints (22b) and (22c), respectively.
Thus, we obtain:
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, ⇣) = min
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 T�+ vT� (23a)

subject to A
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B
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Since the strong duality property holds for deriving both problems (11) and (22), it is possible
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, ⇣) using there
respective dual form, which results to the following reformulation:
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d(⇣), ⇢ � 0}. By using the two liftings ⇣0 =
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and y0(⇣) :=
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, problem (24) can be

rewritten in the form presented in equation (20).

Once again, Proposition 4 states that the WCARM model with objective uncertainty can be
reformulated as a TSLRO problem and can therefore benefit from development in exact solution
methods and conservative approximations presented in sections 2.1.1, 2.1.2, 2.2, and 2.3.
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are considered.

Proof. Let us consider the following maximization problem which is a part of the WCARM
problem with objective uncertainty:

max
x02X

h(x0
, ⇣) = max

x0,y0
cTx0 + dT (⇣)y0 (22a)

subject to Ax0 +By0   (22b)

Wx0  v (22c)

Based on Assumption 3, there necessarily exists a x0 and y0 that makes problem (22) feasible.
Therefore, strong duality holds and the dual form of problem (22) can be derived by introducing
the dual variabes � 2 Rm and � 2 Rr associated with constraints (22b) and (22c), respectively.
Thus, we obtain:

max
x02X

h(x0
, ⇣) = min

��0,��0
 T�+ vT� (23a)

subject to A
T�+W

T� = c (23b)

B
T� = d(⇣) . (23c)

Since the strong duality property holds for deriving both problems (11) and (22), it is possible
to rewrite the WCARM problem by substituting both h(x, ⇣) and maxx02X h(x0

, ⇣) using there
respective dual form, which results to the following reformulation:

WCARM ⌘ minimize
x2X

max
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⇢
max
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h(x0
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 T�+ vT� � min
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cTx+ ( �Ax)T⇢

�
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max
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� T�� vT� + cTx+ ( �Ax)T⇢ (24)

where ⌥1(⇣) := {(�,�) 2 Rm⇥Rr |� � 0,� � 0, (23b), (23c)} and ⌥2(⇣) := {⇢ 2 Rm |BT⇢ =

d(⇣), ⇢ � 0}. By using the two liftings ⇣0 =


⇣
⇢

�
and y0(⇣) :=


�(⇣)
�(⇣)

�
, problem (24) can be

rewritten in the form presented in equation (20).

Once again, Proposition 4 states that the WCARM model with objective uncertainty can be
reformulated as a TSLRO problem and can therefore benefit from development in exact solution
methods and conservative approximations presented in sections 2.1.1, 2.1.2, 2.2, and 2.3.
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Based on Assumption 3, there necessarily exists a x0 and y0 that makes problem (22) feasible.
Therefore, strong duality holds and the dual form of problem (22) can be derived by introducing
the dual variabes � 2 Rm and � 2 Rr associated with constraints (22b) and (22c), respectively.
Thus, we obtain:
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, ⇣) = min
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 T�+ vT� (23a)

subject to A
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T� = c (23b)
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T� = d(⇣) . (23c)

Since the strong duality property holds for deriving both problems (11) and (22), it is possible
to rewrite the WCARM problem by substituting both h(x, ⇣) and maxx02X h(x0

, ⇣) using there
respective dual form, which results to the following reformulation:
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d(⇣), ⇢ � 0}. By using the two liftings ⇣0 =
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and y0(⇣) :=
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, problem (24) can be

rewritten in the form presented in equation (20).

Once again, Proposition 4 states that the WCARM model with objective uncertainty can be
reformulated as a TSLRO problem and can therefore benefit from development in exact solution
methods and conservative approximations presented in sections 2.1.1, 2.1.2, 2.2, and 2.3.
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Based on Assumption 3, there necessarily exists a x0 and y0 that makes problem (22) feasible.
Therefore, strong duality holds and the dual form of problem (22) can be derived by introducing
the dual variabes � 2 Rm and � 2 Rr associated with constraints (22b) and (22c), respectively.
Thus, we obtain:
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, ⇣) = min
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subject to A
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Since the strong duality property holds for deriving both problems (11) and (22), it is possible
to rewrite the WCARM problem by substituting both h(x, ⇣) and maxx02X h(x0
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, problem (24) can be

rewritten in the form presented in equation (20).

Once again, Proposition 4 states that the WCARM model with objective uncertainty can be
reformulated as a TSLRO problem and can therefore benefit from development in exact solution
methods and conservative approximations presented in sections 2.1.1, 2.1.2, 2.2, and 2.3.
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Proof. Let us consider the following maximization problem which is a part of the WCARM
problem with objective uncertainty:

max
x02X

h(x0
, ⇣) = max

x0,y0
cTx0 + dT (⇣)y0 (22a)

subject to Ax0 +By0   (22b)

Wx0  v (22c)

Based on Assumption 3, there necessarily exists a x0 and y0 that makes problem (22) feasible.
Therefore, strong duality holds and the dual form of problem (22) can be derived by introducing
the dual variabes � 2 Rm and � 2 Rr associated with constraints (22b) and (22c), respectively.
Thus, we obtain:

max
x02X

h(x0
, ⇣) = min

��0,��0
 T�+ vT� (23a)

subject to A
T�+W

T� = c (23b)

B
T� = d(⇣) . (23c)

Since the strong duality property holds for deriving both problems (11) and (22), it is possible
to rewrite the WCARM problem by substituting both h(x, ⇣) and maxx02X h(x0

, ⇣) using there
respective dual form, which results to the following reformulation:

WCARM ⌘ minimize
x2X

max
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⇢
max
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, ⇣)� h(x, ⇣)
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max
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max
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where ⌥1(⇣) := {(�,�) 2 Rm⇥Rr |� � 0,� � 0, (23b), (23c)} and ⌥2(⇣) := {⇢ 2 Rm |BT⇢ =

d(⇣), ⇢ � 0}. By using the two liftings ⇣0 =


⇣
⇢
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and y0(⇣) :=


�(⇣)
�(⇣)

�
, problem (24) can be

rewritten in the form presented in equation (20).

Once again, Proposition 4 states that the WCARM model with objective uncertainty can be
reformulated as a TSLRO problem and can therefore benefit from development in exact solution
methods and conservative approximations presented in sections 2.1.1, 2.1.2, 2.2, and 2.3.
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program. Strong duality therefore holds and can be exploited to derive problem (7)’s so called
robust counterpart:

maximize
x2X ,y,Y,�,�

cTx+ dTy � qT�, (8a)

subject to C
Tx+ Y

Td+ f + P
T� = 0, (8b)

Ax+By � + ⇤q  0, (8c)

 (x)�BY + ⇤P = 0, (8d)

⇤ � 0,� � 0 (8e)

where � 2 Rs and ⇤ 2 Rm⇥s are the dual variables that arise when applying duality to the
objective function (7a) and each constraint of (7b), respectively.

2.2 Conservative Approximation using Non-linear Decision Rules

TBA.

2.3 The Dualized Reformulation

TBA.

2.4 The Case of Objective Function Uncertainty

An alternative (although less popular) class of two-stage robust linear optimization problem
makes the assumption that the uncertainty is limited to the objective function. This is summa-
rized in the following formulation:

maximize
x2X ,y(⇣)

min
⇣2U

cTx+ dT (⇣)y(⇣) (9a)

subject to Ax+By(⇣)   , 8 ⇣ 2 U , (9b)

where d : Rn⇣ ! Rny is assumed to be a�ne mapping of ⇣, i.e., we can characterize it in the
form d(⇣) := D⇣ + d, for some D 2 Rny⇥n⇣ and d 2 Rny . As for the case of fixed recourse
problems, the model can be reformulated in a format that emphasizes the dynamics:

maximize
x2X

min
⇣2U

h(x, ⇣) (10a)

where the recourse problem is defined as:

h(x, ⇣) := max
y

cTx+ dT (⇣)y (11a)

subject to Ax+By   (11b)

To simplify exposition, we can again restrict our attention to problems where assumptions 1, 2,
3 and 4 are applicable. In particular, Assumption 3, which was referred as relatively complete
recourse, simply reduces to the fact that X ✓ {x 2 Rnx |9y 2 Rny , Ax + By   } which can
easily be imposed.

From a computational perspective, problem (9) is more appealing than the TSLRO problem
in (1) as one can easily verify that it can be reformulated as an equivalent linear program.

4

Proposition 1. Given that assumptions 1, 2, 3 and 4 are satisfied, Problem (9) can be refor-

mulated as the following equivalent linear program:

maximize
x2X ,y0,�,�

cTx+ dTy � qT� (12a)

subject to Ax+By � � =  (12b)

P
T�+D

Ty = 0 (12c)

� � 0,� � 0 (12d)

Proof. Based on Assumption 3, for all x 2 X and all ⇣ 2 U , there exists a y for which problem
(11) is feasibe. Therefore, strong duality property holds for problem (11) and duality can be
used to reformulate it as a minimization problem:

h(x, ⇣) := min
⇢

cTx+ ( �Ax)T⇢ (13a)

subject to B
T⇢ = d(⇣) (13b)

⇢ � 0 (13c)

where ⇢ 2 Rm is the dual variable associated to constraint (11b). Therefore, problem (10) can
be rewritten as problem (14):

min
⇣2U

h(x, ⇣) = min
⇣,⇢

cTx+ ( �Ax)T⇢ (14a)

subject to B
T⇢ = D⇣ + d (14b)

⇢ � 0 (14c)

P⇣  q , (14d)

where we exploited the definition of d(⇣).
According to Assumption 4, for all x 2 X there is a ⇣̂ for which problem (11) has finite

optimal value and is bounded. By strong duality property , problem (13) must also have a finite
optimal value for the same ⇣̂, hence it must have a feasible solution ⇢̂. We conclude that (⇣̂, ⇢̂)
is a feasible solution for problem (13). Therefore, strong duality applies for the minimization
problem in (14) and ensures that

min
⇣2U

h(x, ⇣) = max
y0,�,�

cTx+ dTy0 � qT�

subject to Ax+By0 � � =  

P
T�+D

Ty0 = 0

� � 0,� � 0

where y 2 Rny , � 2 Rm and � 2 Rs are the dual variables associated with the constraints
(14b), (14c), and (14d) respectively. This maximization problem can be reintegrated with the
maximization over x 2 X to obtain problem (12).

3 TSLRO Reformulations for Worst-case Absolute Regret
Minimization Problems

As defined in [5], the worst-case absolute regret criterion aims at evaluating the performance
of a decision x with respect to the so-called “worst-case regret” that might be experienced in
hindsight when comparing x to the best decision that could have been made. Mathematically
speaking, given a profit function h(x, ⇣) which depends on both the decision and the realiza-
tion of some uncertain vector of parameters ⇣, one measures the regret experienced once ⇣ is

5

h(x, ⇣)
<latexit sha1_base64="OkOj0aHwGBxY4Oh4x7779U5f9pc="></latexit><latexit sha1_base64="OkOj0aHwGBxY4Oh4x7779U5f9pc="></latexit><latexit sha1_base64="OkOj0aHwGBxY4Oh4x7779U5f9pc="></latexit><latexit sha1_base64="OkOj0aHwGBxY4Oh4x7779U5f9pc="></latexit>
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Proposition 1. Given that assumptions 1, 2, 3 and 4 are satisfied, Problem (9) can be refor-

mulated as the following equivalent linear program:
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Proof. Based on Assumption 3, for all x 2 X and all ⇣ 2 U , there exists a y for which problem
(11) is feasibe. Therefore, strong duality property holds for problem (11) and duality can be
used to reformulate it as a minimization problem:

h(x, ⇣) := min
⇢

cTx+ ( �Ax)T⇢ (13a)

subject to B
T⇢ = d(⇣) (13b)

⇢ � 0 (13c)

where ⇢ 2 Rm is the dual variable associated to constraint (11b). Therefore, problem (10) can
be rewritten as problem (14):

min
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h(x, ⇣) = min
⇣,⇢

cTx+ ( �Ax)T⇢ (14a)

subject to B
T⇢ = D⇣ + d (14b)

⇢ � 0 (14c)

P⇣  q , (14d)

where we exploited the definition of d(⇣).
According to Assumption 4, for all x 2 X there is a ⇣̂ for which problem (11) has finite

optimal value and is bounded. By strong duality property , problem (13) must also have a finite
optimal value for the same ⇣̂, hence it must have a feasible solution ⇢̂. We conclude that (⇣̂, ⇢̂)
is a feasible solution for problem (13). Therefore, strong duality applies for the minimization
problem in (14) and ensures that
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where y 2 Rny , � 2 Rm and � 2 Rs are the dual variables associated with the constraints
(14b), (14c), and (14d) respectively. This maximization problem can be reintegrated with the
maximization over x 2 X to obtain problem (12).

3 TSLRO Reformulations for Worst-case Absolute Regret
Minimization Problems

As defined in [5], the worst-case absolute regret criterion aims at evaluating the performance
of a decision x with respect to the so-called “worst-case regret” that might be experienced in
hindsight when comparing x to the best decision that could have been made. Mathematically
speaking, given a profit function h(x, ⇣) which depends on both the decision and the realiza-
tion of some uncertain vector of parameters ⇣, one measures the regret experienced once ⇣ is
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are considered.

Proof. Let us consider the following maximization problem which is a part of the WCARM
problem with objective uncertainty:

max
x02X

h(x0
, ⇣) = max

x0,y0
cTx0 + dT (⇣)y0 (22a)

subject to Ax0 +By0   (22b)

Wx0  v (22c)

Based on Assumption 3, there necessarily exists a x0 and y0 that makes problem (22) feasible.
Therefore, strong duality holds and the dual form of problem (22) can be derived by introducing
the dual variabes � 2 Rm and � 2 Rr associated with constraints (22b) and (22c), respectively.
Thus, we obtain:

max
x02X

h(x0
, ⇣) = min

��0,��0
 T�+ vT� (23a)

subject to A
T�+W

T� = c (23b)

B
T� = d(⇣) . (23c)

Since the strong duality property holds for deriving both problems (11) and (22), it is possible
to rewrite the WCARM problem by substituting both h(x, ⇣) and maxx02X h(x0

, ⇣) using there
respective dual form, which results to the following reformulation:
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where ⌥1(⇣) := {(�,�) 2 Rm⇥Rr |� � 0,� � 0, (23b), (23c)} and ⌥2(⇣) := {⇢ 2 Rm |BT⇢ =

d(⇣), ⇢ � 0}. By using the two liftings ⇣0 =


⇣
⇢

�
and y0(⇣) :=


�(⇣)
�(⇣)

�
, problem (24) can be

rewritten in the form presented in equation (20).

Once again, Proposition 4 states that the WCARM model with objective uncertainty can be
reformulated as a TSLRO problem and can therefore benefit from development in exact solution
methods and conservative approximations presented in sections 2.1.1, 2.1.2, 2.2, and 2.3.

8

and where the matrices

C
0 :=

⇥
0 �A

T
⇤
, d0 :=


� 
�v

�
, f 0 :=


0
 

�
,

A
0 :=

2

6666664

0
0
0
0
0
0

3

7777775
, B

0 :=

2

6666664

A
T

W
T

�A
T �W

T

B
T 0

�B
T 0

�I 0
0 �I

3

7777775
,  0 :=

2

6666664

0 0
0 0
D 0

�D 0
0 0
0 0

3

7777775
, and  0 :=

2

6666664

c
�c
d

�d
0
0

3

7777775

are considered.

Proof. Let us consider the following maximization problem which is a part of the WCARM
problem with objective uncertainty:

max
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, ⇣) = max
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cTx0 + dT (⇣)y0 (22a)

subject to Ax0 +By0   (22b)

Wx0  v (22c)

Based on Assumption 3, there necessarily exists a x0 and y0 that makes problem (22) feasible.
Therefore, strong duality holds and the dual form of problem (22) can be derived by introducing
the dual variabes � 2 Rm and � 2 Rr associated with constraints (22b) and (22c), respectively.
Thus, we obtain:

max
x02X

h(x0
, ⇣) = min

��0,��0
 T�+ vT� (23a)

subject to A
T�+W

T� = c (23b)

B
T� = d(⇣) . (23c)

Since the strong duality property holds for deriving both problems (11) and (22), it is possible
to rewrite the WCARM problem by substituting both h(x, ⇣) and maxx02X h(x0

, ⇣) using there
respective dual form, which results to the following reformulation:
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d(⇣), ⇢ � 0}. By using the two liftings ⇣0 =


⇣
⇢
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and y0(⇣) :=


�(⇣)
�(⇣)

�
, problem (24) can be

rewritten in the form presented in equation (20).

Once again, Proposition 4 states that the WCARM model with objective uncertainty can be
reformulated as a TSLRO problem and can therefore benefit from development in exact solution
methods and conservative approximations presented in sections 2.1.1, 2.1.2, 2.2, and 2.3.
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Proposition 1. Given that assumptions 1, 2, 3 and 4 are satisfied, Problem (9) can be refor-

mulated as the following equivalent linear program:
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cTx+ dTy � qT� (12a)

subject to Ax+By � � =  (12b)

P
T�+D

Ty = 0 (12c)

� � 0,� � 0 (12d)

Proof. Based on Assumption 3, for all x 2 X and all ⇣ 2 U , there exists a y for which problem
(11) is feasibe. Therefore, strong duality property holds for problem (11) and duality can be
used to reformulate it as a minimization problem:

h(x, ⇣) := min
⇢

cTx+ ( �Ax)T⇢ (13a)

subject to B
T⇢ = d(⇣) (13b)

⇢ � 0 (13c)

where ⇢ 2 Rm is the dual variable associated to constraint (11b). Therefore, problem (10) can
be rewritten as problem (14):

min
⇣2U

h(x, ⇣) = min
⇣,⇢

cTx+ ( �Ax)T⇢ (14a)

subject to B
T⇢ = D⇣ + d (14b)

⇢ � 0 (14c)

P⇣  q , (14d)

where we exploited the definition of d(⇣).
According to Assumption 4, for all x 2 X there is a ⇣̂ for which problem (11) has finite

optimal value and is bounded. By strong duality property , problem (13) must also have a finite
optimal value for the same ⇣̂, hence it must have a feasible solution ⇢̂. We conclude that (⇣̂, ⇢̂)
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� � 0,� � 0
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(14b), (14c), and (14d) respectively. This maximization problem can be reintegrated with the
maximization over x 2 X to obtain problem (12).

3 TSLRO Reformulations for Worst-case Absolute Regret
Minimization Problems

As defined in [5], the worst-case absolute regret criterion aims at evaluating the performance
of a decision x with respect to the so-called “worst-case regret” that might be experienced in
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, problem (24) can be
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Once again, Proposition 4 states that the WCARM model with objective uncertainty can be
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, problem (24) can be

rewritten in the form presented in equation (20).
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Once again, Proposition 4 states that the WCARM model with objective uncertainty can be
reformulated as a TSLRO problem and can therefore benefit from development in exact solution
methods and conservative approximations presented in sections 2.1.1, 2.1.2, 2.2, and 2.3.

8

…

…



/32

TSLRO

and where the matrices

C
0 :=

⇥
0 �A

T
⇤
, d0 :=


� 
�v

�
, f 0 :=


0
 

�
,

A
0 :=

2

6666664

0
0
0
0
0
0

3

7777775
, B

0 :=

2

6666664

A
T

W
T

�A
T �W

T

B
T 0

�B
T 0

�I 0
0 �I

3

7777775
,  0 :=

2

6666664

0 0
0 0
D 0

�D 0
0 0
0 0

3

7777775
, and  0 :=

2

6666664

c
�c
d

�d
0
0

3

7777775

are considered.

Proof. Let us consider the following maximization problem which is a part of the WCARM
problem with objective uncertainty:

max
x02X

h(x0
, ⇣) = max

x0,y0
cTx0 + dT (⇣)y0 (22a)

subject to Ax0 +By0   (22b)

Wx0  v (22c)
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subject to A
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and y0(⇣) :=
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, problem (24) can be
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Once again, Proposition 4 states that the WCARM model with objective uncertainty can be
reformulated as a TSLRO problem and can therefore benefit from development in exact solution
methods and conservative approximations presented in sections 2.1.1, 2.1.2, 2.2, and 2.3.
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Proof. Let us consider the following maximization problem which is a part of the WCARM
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max
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, ⇣) = max

x0,y0
cTx0 + dT (⇣)y0 (22a)

subject to Ax0 +By0   (22b)

Wx0  v (22c)

Based on Assumption 3, there necessarily exists a x0 and y0 that makes problem (22) feasible.
Therefore, strong duality holds and the dual form of problem (22) can be derived by introducing
the dual variabes � 2 Rm and � 2 Rr associated with constraints (22b) and (22c), respectively.
Thus, we obtain:
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 T�+ vT� (23a)

subject to A
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T� = c (23b)

B
T� = d(⇣) . (23c)

Since the strong duality property holds for deriving both problems (11) and (22), it is possible
to rewrite the WCARM problem by substituting both h(x, ⇣) and maxx02X h(x0

, ⇣) using there
respective dual form, which results to the following reformulation:

WCARM ⌘ minimize
x2X

max
⇣2U

⇢
max
x02X

h(x0
, ⇣)� h(x, ⇣)

�

⌘ minimize
x2X

max
⇣2U

⇢
min

(�,�)2⌥1(⇣)
 T�+ vT� � min

⇢2⌥2(⇣)
cTx+ ( �Ax)T⇢

�

⌘ minimize
x2X

max
⇣2U ,⇢2⌥2(⇣)

min
(�,�)2⌥1(⇣)

 T�+ vT� � cTx� ( �Ax)T⇢

⌘ maximize
x2X

min
⇣2U ,⇢2⌥2(⇣)

max
(�,�)2⌥1(⇣)

� T�� vT� + cTx+ ( �Ax)T⇢ (24)
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d(⇣), ⇢ � 0}. By using the two liftings ⇣0 =
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Once again, Proposition 4 states that the WCARM model with objective uncertainty can be
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methods and conservative approximations presented in sections 2.1.1, 2.1.2, 2.2, and 2.3.
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subject to Ax0 +By0   (22b)
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Based on Assumption 3, there necessarily exists a x0 and y0 that makes problem (22) feasible.
Therefore, strong duality holds and the dual form of problem (22) can be derived by introducing
the dual variabes � 2 Rm and � 2 Rr associated with constraints (22b) and (22c), respectively.
Thus, we obtain:
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subject to A
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T� = d(⇣) . (23c)
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, ⇣) using there
respective dual form, which results to the following reformulation:
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Once again, Proposition 4 states that the WCARM model with objective uncertainty can be
reformulated as a TSLRO problem and can therefore benefit from development in exact solution
methods and conservative approximations presented in sections 2.1.1, 2.1.2, 2.2, and 2.3.
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Proof. Let us consider the following maximization problem which is a part of the WCARM
problem with objective uncertainty:

max
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h(x0
, ⇣) = max

x0,y0
cTx0 + dT (⇣)y0 (22a)

subject to Ax0 +By0   (22b)
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Based on Assumption 3, there necessarily exists a x0 and y0 that makes problem (22) feasible.
Therefore, strong duality holds and the dual form of problem (22) can be derived by introducing
the dual variabes � 2 Rm and � 2 Rr associated with constraints (22b) and (22c), respectively.
Thus, we obtain:

max
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subject to A
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, ⇣) using there
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Proof. Let us consider the following maximization problem which is a part of the WCARM
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max
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, ⇣) = max
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cTx0 + dT (⇣)y0 (22a)

subject to Ax0 +By0   (22b)
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Based on Assumption 3, there necessarily exists a x0 and y0 that makes problem (22) feasible.
Therefore, strong duality holds and the dual form of problem (22) can be derived by introducing
the dual variabes � 2 Rm and � 2 Rr associated with constraints (22b) and (22c), respectively.
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where ⌥1(⇣) := {(�,�) 2 Rm⇥Rr |� � 0,� � 0, (23b), (23c)} and ⌥2(⇣) := {⇢ 2 Rm |BT⇢ =

d(⇣), ⇢ � 0}. By using the two liftings ⇣0 =


⇣
⇢

�
and y0(⇣) :=


�(⇣)
�(⇣)

�
, problem (24) can be

rewritten in the form presented in equation (20).

Once again, Proposition 4 states that the WCARM model with objective uncertainty can be
reformulated as a TSLRO problem and can therefore benefit from development in exact solution
methods and conservative approximations presented in sections 2.1.1, 2.1.2, 2.2, and 2.3.

8

WCARM with 
objective uncertainty
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Proposition 1. Given that assumptions 1, 2, 3 and 4 are satisfied, Problem (9) can be refor-

mulated as the following equivalent linear program:

maximize
x2X ,y0,�,�

cTx+ dTy � qT� (12a)

subject to Ax+By � � =  (12b)

P
T�+D

Ty = 0 (12c)

� � 0,� � 0 (12d)

Proof. Based on Assumption 3, for all x 2 X and all ⇣ 2 U , there exists a y for which problem
(11) is feasibe. Therefore, strong duality property holds for problem (11) and duality can be
used to reformulate it as a minimization problem:

h(x, ⇣) := min
⇢

cTx+ ( �Ax)T⇢ (13a)

subject to B
T⇢ = d(⇣) (13b)

⇢ � 0 (13c)

where ⇢ 2 Rm is the dual variable associated to constraint (11b). Therefore, problem (10) can
be rewritten as problem (14):

min
⇣2U

h(x, ⇣) = min
⇣,⇢

cTx+ ( �Ax)T⇢ (14a)

subject to B
T⇢ = D⇣ + d (14b)

⇢ � 0 (14c)

P⇣  q , (14d)

where we exploited the definition of d(⇣).
According to Assumption 4, for all x 2 X there is a ⇣̂ for which problem (11) has finite

optimal value and is bounded. By strong duality property , problem (13) must also have a finite
optimal value for the same ⇣̂, hence it must have a feasible solution ⇢̂. We conclude that (⇣̂, ⇢̂)
is a feasible solution for problem (13). Therefore, strong duality applies for the minimization
problem in (14) and ensures that

min
⇣2U

h(x, ⇣) = max
y0,�,�

cTx+ dTy0 � qT�

subject to Ax+By0 � � =  

P
T�+D

Ty0 = 0

� � 0,� � 0

where y 2 Rny , � 2 Rm and � 2 Rs are the dual variables associated with the constraints
(14b), (14c), and (14d) respectively. This maximization problem can be reintegrated with the
maximization over x 2 X to obtain problem (12).

3 TSLRO Reformulations for Worst-case Absolute Regret
Minimization Problems

As defined in [5], the worst-case absolute regret criterion aims at evaluating the performance
of a decision x with respect to the so-called “worst-case regret” that might be experienced in
hindsight when comparing x to the best decision that could have been made. Mathematically
speaking, given a profit function h(x, ⇣) which depends on both the decision and the realiza-
tion of some uncertain vector of parameters ⇣, one measures the regret experienced once ⇣ is

5

h(x, ⇣)
<latexit sha1_base64="OkOj0aHwGBxY4Oh4x7779U5f9pc="></latexit><latexit sha1_base64="OkOj0aHwGBxY4Oh4x7779U5f9pc="></latexit><latexit sha1_base64="OkOj0aHwGBxY4Oh4x7779U5f9pc="></latexit><latexit sha1_base64="OkOj0aHwGBxY4Oh4x7779U5f9pc="></latexit>

=

Υ1(ζ)
Υ2(ζ)

WCARM ⌘ minimize
x2X

max
⇣2U

⇢
max
x02X

h(x0, ⇣)� h(x, ⇣)

�

<latexit sha1_base64="A62pYghY7jZxY29uLP7FOTq02ts="></latexit><latexit sha1_base64="A62pYghY7jZxY29uLP7FOTq02ts="></latexit><latexit sha1_base64="A62pYghY7jZxY29uLP7FOTq02ts="></latexit><latexit sha1_base64="A62pYghY7jZxY29uLP7FOTq02ts="></latexit>

⌘ minimize
x2X

max
⇣2U

⇢
min

(�,�)2⌥1(⇣)
 T�+ vT� � min

⇢2⌥2(⇣)
cTx+ ( �Ax)T⇢

�
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⌘ minimize
x2X

max
⇣2U,⇢2⌥2(⇣)

min
(�,�)2⌥1(⇣)

 T�+ vT� � cTx� ( �Ax)T⇢
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TSLRO !!!≡

⌘ maximize
x2X

min
⇣2U,⇢2⌥2(⇣)

max
(�,�)2⌥1(⇣)

� T�� vT� + cTx+ ( �Ax)T⇢
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WCARM WCRRM

Obj.

RHS TSLRO

? …

…
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Conservative Approximation 
using Affine Decision Rules

• It is common to approximate a TSLRO problem by 
focusing on the class of affine recourse policies  
 
 
 

• This gives rise to the following linear program:  
 
 

 18

(AARC) maximize
x,y,Y

min
⇣2U

(C⇣ + c)Tx+ dT (y + Y ⇣) + fT ⇣

subject to Ax+B(y + Y ⇣)   (x)⇣ + , 8 ⇣ 2 U
x 2 X

<latexit sha1_base64="hmx9ZxnvrNC/DZFT+Pd3US6nus0="> vUd0W3h1Px4hVdnXdMJ77qu9Bs9xwZn8V+wlvVB82o1lNUooladL+C7teiBxX0oBY9Mfvqh1rkM5gRfH+tr/lZrX9Q7rV5ZQdVTwaeJg9OhaR3fWruiOt92aYzIzZGeF7Oa/WWVaCvy+0NnNeI3mY/UYWL7H6BhtG/hLadAU98XL77qvUN2AX0Z8RzXmQCX0iD5e+hVWG4vzf4am//5/3dJ0/Nt9Jd9hn7gnWB6Wv2hP0I749T5jV+b/zTbDSb7b87n3Y+75gPq2bD+HzCbjwd+18Ej4BB</latexit>

maximize
x2X ,y,Y,⇤,�

cTx+ dTy � qT� (1a)

subject to CTx+ Y Td+ f + PT� = 0 (1b)

Ax+By � + ⇤q  0 (1c)

 (x)�BY + ⇤P = 0 (1d)

⇤ � 0,� � 0 (1e)
<latexit sha1_base64="0nyXNKP6UAUjyUmRNcAzjgy8fKY="></latexit>
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Optimality of affine decision rules  (I)

• Provides a tractable reformulation for the 
WCARM and WCRRM versions of the resource 
allocation problem  
 
 
where 

 19

minimize
x2X

sup
⇣2U

(max
x02X

d(⇣)Tx� d(⇣)Tx)
<latexit sha1_base64="ydEvWHCTMXdNov4in5O6TYFRiTE="></latexit>

X := {x 2 Rnx
+ |wTx  v}

<latexit sha1_base64="i85GUo5YH8QrT41dc1/mU/G6oi0="></latexit>

Proposition. If Z := {(x,y) 2 Rnx ⇥Rny |x 2 X , Ax+By   } is a simplex

set, then AARC is exact for the TSLRO reformulation of the WCARM and

WCRRM problems with objective uncertainty.
<latexit sha1_base64="W8cSuUUTpwoRzwBVmpmSC4rhpAY="></latexit>
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Optimality of affine decision rules  (II)

• Applies for the uncapacitated multi-item newsvendor 
problem : 

• Applies for the uncapacitated lot sizing problem with backlog: 

 20

Proposition. If h(x, ⇣) satisfies maxx2X h(x, ⇣) = �T ⇣+ �̄ and U is a simplex

set, then AARC is exact for the TSLRO reformulation of the WCARM and

WCRRM problems with right-hand side uncertainty.
<latexit sha1_base64="QLKUS0vWTzebd4u2KZmoUqbsF9M="></latexit>

max
x�0

h(x, ⇣) :=

nyX

i=1

(pi � ci)xi +min(�bi(⇣i � xi), (si � pi)(xi � ⇣i))

= (p� c)T ⇣
<latexit sha1_base64="oXItcayXTjWWnMMhFH3MX5cai+k="></latexit>

max
x�0

TX

t=1

�ctxt �max

 
ht(

tX

t0=1

xt0 � ⇣t0), bt(
tX

t0=1

⇣t0 � xt0)

!

<latexit sha1_base64="Hbtdtb8rJFyb2BkhuZ0Gm3iXYG4="></latexit>
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Optimality of affine decision rules (III)
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} Conditions from  
Ardestani-Jaafari & D [2016]

Proposition. If h(x, ⇣) is a sum of of piecewise linear concave functions, U is

the budgeted uncertainty set, and the following conditions are satisfied:

1. Either of the following applies:

• � = 1

• � = m and uncertainty is “additive”

• � is integer and objective is “decomposable”

2. maxx2X h(x, ⇣) = �T ⇣ + �̄

Then AARC is exact for the TSLRO reformulation of WCARM.
<latexit sha1_base64="TxxtRqlYfpC16GID/Oxlgn8OXMA="></latexit>
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Multi-item newsvendor problem

• Uncorrelated demand : 

 23

⇣ 2
⇢
⇣

����
9�, k�k1  1, k�k1  �

⇣i = ⇣̄i + ⇣̂i�i

�
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max
x�0

inf
⇣2U

nyX

i=1

(pi � ci)xi +min(�bi(⇣i � xi), (si � pi)(xi � ⇣i))
<latexit sha1_base64="wmlNUZMKRElbjl5jFOv/KON6bwg="></latexit>



/32

Multi-item newsvendor problem

• Uncorrelated demand : 
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⇣ 2
⇢
⇣

����
9�, k�k1  1, k�k1  �

⇣i = ⇣̄i + ⇣̂i�i

�
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max
x�0

inf
⇣2U

nyX

i=1

(pi � ci)xi +min(�bi(⇣i � xi), (si � pi)(xi � ⇣i))
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Multi-item newsvendor problem

• Uncorrelated demand : 
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⇣ 2
⇢
⇣

����
9�, k�k1  1, k�k1  �

⇣i = ⇣̄i + ⇣̂i�i

�
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max
x�0

inf
⇣2U

nyX

i=1

(pi � ci)xi +min(�bi(⇣i � xi), (si � pi)(xi � ⇣i))
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Multi-item newsvendor problem

• Correlated demand : 
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⇣ 2
⇢
⇣

����
9�, k�k1  1, k�k1  �

⇣ = ⇣̄ +Q�

�
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max
x�0

inf
⇣2U

nyX

i=1

(pi � ci)xi +min(�bi(⇣i � xi), (si � pi)(xi � ⇣i))
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Production-Transportation problem 
(Bertsimas et al. [2010])
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minimize
0x1

max
⇣2U

h(x, ⇣)
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h(x, ⇣) := min
y�0

cTx+
X

ij

⇣ijyij

s.t.
X

i

yij = dj , 8 j

X

j

yij = xi , 8 i
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where
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Take-away messages
• In two stages setting, regret minimization and robust optimization 

are closely related modelling paradigms in terms of solution/
approximation schemes 
• Many TSLRO schemes can be applied in regret minimization 
• Affine decision rules perform surprisingly well and can 

even be proven exact
• Future work: 

• Extending constant approximation results for AARC to regret 
minimization (Bertsimas & Goyal [2012], El Housny & Goyal [2018]) 

• Worst-case regret minimization for multi-stage and/or mixed 
integer problems 

• Worst-case regret minimization for DRO problems

 29
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