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ABSTRACT. We propose a data-driven portfolio selection model that integrates side information, conditional
estimation and robustness using the framework of distributionally robust optimization. Conditioning on the
observed side information, the portfolio manager solves an allocation problem that minimizes the worst-case
conditional risk-return trade-off, subject to all possible perturbations of the covariate-return probability dis-
tribution in an optimal transport ambiguity set. Despite the non-linearity of the objective function in the
probability measure, we show that the distributionally robust portfolio allocation with side information prob-
lem can be reformulated as a finite-dimensional optimization problem. If portfolio decisions are made based
on either the mean-variance or the mean-Conditional Value-at-Risk criterion, the resulting reformulation can
be further simplified to second-order or semi-definite cone programs. Empirical studies in the US and Chinese
equity markets demonstrate the advantage of our integrative framework against other benchmarks.

1. INTRODUCTION

We study distributionally robust portfolio decision rules which are informed by conditioning on observed
side information. In the presence of contextual information which might be relevant for predicting future
returns, our objective is to direct the statistical task (i.e., conditional estimation) towards the downstream
task of selecting a portfolio which is robust to distributional shifts (including on local conditioning). Our
ultimate goal is to provide a tractable, non-parametric, data-driven approach which bypasses the need for
computing global conditional expectations. At the same time, our framework is flexible to accommodate a
wide range of portfolio optimization selection criteria, as well as extend to other diverse applications. In order
to explain our methodology and contribution in detail, let us consider a conventional single-period portfolio
optimization selection problem of the form

min Rp[Y "a] —n-Ep[Y Tal,

acA
where the real-valued vector « denotes the portfolio allocation choice within a feasible region A, and the
random vector Y denotes the assets’ future return under a probability measure P. The return of the portfolio
is denoted by Y "o, while Rp[-] captures the risk associated with «, and 1 > 0 is a parameter that weights
the preference between the portfolio return and the associated risk.

Different choices of the measure of risk Rp|[ -] lead to different portfolio optimization models, including the
mean-variance model [43], the mean-standard deviation model [37], the mean-Value-at-Risk model [6], and
the mean-Conditional Value-at-Risk (CVaR) model [56]. The measure of risk Rp[-] often is chosen to belong
to certain classes in order to induce desirable properties. For instance, the class of coherent risk measures
[2] or the class of convex risk measures [28] are examples of risk measure classes which are often used in
portfolio optimization [42]. In our setting, we consider a family of risk measures which admits a stochastic
optimization representation of the form Rp[Y Ta] = minges Ep[r(Y "o, 8)] for some auxiliary function r and
statistical variable 3. Hence, we focus on a generic portfolio allocation that minimizes an expected loss of
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the form

Lomin Bl(VaB) (Va8 LY Ta8) -y Y e (1)

In problem , optimizing over § characterizes the improvement of risk estimation, which is entangled with
the procedure of finding the optimal portfolio allocation . For example, consider when Rp is the variance of
the portfolio return, then Rp[Y "a] = minger Ep[(Y " a— 3)?]. This further implies that the optimal solution
of B coincides with the expected return Ep[Y Ta], and one thus can view 3 as an auxiliary statistical variable
representing the estimation of the expected portfolio return.

Despite the simplicity and popularity of the portfolio optimization models , they are challenging to solve
because the distribution P of the random stock returns is unknown to the portfolio managers. To overcome
this issue, problem is usually solved by resorting to a plug-in estimator P of P, and this estimator is usually
inferred from the available data. Unfortunately, solving using an estimated distribution P may amplify
the statistical estimation error. The corresponding portfolio allocation is vulnerable to the estimation errors
of the input: even small changes in the input parameters can result in large changes in the weights of the
optimal portfolio [17, [15]. Consequently, in terms of out-of-sample performance, the advantage of deploying
the optimal portfolio weights is overwhelmed by the offset of estimation error [21]. To mitigate the estimation
error, one may resort, at least, to the following two strategies:

(1) reduce the estimation bias by incorporating side information into the portfolio allocation problems;
(2) diminish the impact of estimation variance by employing robust portfolio optimization models.

Both of the above-mentioned strategies have led to successful stories. Starting from the capital asset-pricing
model [59] @], numerous studies exploit side information to explain and/or predict the cross-sectional variation
of the stock returns. The predictive side information may include macro-economic factors [27], the company’s
financial statements [25] and historical trading data [32]. Alternatively, robust optimization formulations are
applied to the portfolio allocation tasks to alleviate the impact of statistical error due to input uncertainty [51]
19, 66].

In this paper, we endeavor to unify both strategies of leveraging side information and enhancing robustness.
In order to incorporate the side information into portfolio allocation, we use a random vector X to denote the
side information that is correlated with the stock return Y, and consider the following conditional stochastic
optimization (CSO) problem:

wcin_ Epff(Y, o, )X € M, (2)

where the set N represents our prior (or most current) knowledge about the covariate X. In problem , the
distribution P is now lifted to a joint distribution between the covariate X and the return Y. Problem
is thus a joint portfolio allocation (over «) and statistical estimation (over ) problem, that minimizes the
conditional expected loss of the portfolio, given that the outcome of X belongs to a set N. To promote
robust solutions and to hedge against the estimation error of P, we will apply the distributionally robust
framework. Instead of assessing the expected loss with respect to a single distribution, the distributionally
robust formulation minimizes the expected conditional loss uniformly over a distributional ambiguity set that
represents the portfolio managers’ ambiguity regarding the underlying distribution P.

We propose a data-driven portfolio optimization framework that simultaneously exploits side information
and robustifies over sampling error and model misspecification. We formulate the distributionally robust
portfolio optimization problem with side information as

Eg[f(Y, o, B)| X € N]. (3)

min sup
acA, BEB QeB,Q(XeN)>e
A typical choice of the ambiguity set B is a neighborhood around a nominal distribution P. In a data-driven
setting, a popular choice of P is the empirical distribution, defined as a uniform distribution supported on the
available data. As such, the data influences the optimization problem via the channel of the ambiguity set
prescription. The constraint Q(X € N') > ¢, in which ¢ is an input parameter, is added to to control the
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probability mass requirement on the set N and to avoid conditioning on sets of measure zero. In the limit,
we also will study the case Q(X € N') > 0 with strict inequality.

Intuitively, one can describe problem as a zero-sum game between two players. The outer player is the
statistical portfolio manager who optimizes over the allocation a and the estimator S in order to minimize
the conditional expected loss, and the inner player can be regarded as a fictitious adversary whose goal is to
increase the resulting loss by choosing an adversarial distribution.

Our formulation has several benefits. First, our model is an end-to-end framework that directly
generates investment decisions using data. This approach overcomes the sequential pipeline of feature extrac-
tion, return prediction and portfolio optimization, which is conventionally employed by portfolio managers.
Therefore, our model, which consolidates return prediction and portfolio optimization, directly minimizes the
conditional expected loss instead of the prediction error of return. Second, the robustness of the random
return is directed by the portfolio choice. Indeed, the adversary who solves the supremum problem in will
aim to maximize the portfolio loss, and not the statistical loss. Thirdly, our proposed model does not require
imposing any parametric family for prediction, and thus it reduces the risk of model misspecification.

1.1. Main Contributions

We study a robust portfolio optimization strategy that integrates conditional estimation and decision-
making. This strategy leverages the side information to improve the ex-ante return prediction. Additionally,
it also robustifies over estimation error in order to improve the out-of-sample performance of the portfolio
allocation. Our contributions are summarized as follows.

(1) We present a comprehensive modelling framework for distributionally robust optimization for conditional
decision-making, which provides flexibilities for selecting different conditional set and adjusting probability
mass requirement. We study specifically the case where the set B will be prescribed using the notions
of optimal transport, and we show that the qualitative behavior of the distributionally robust portfolio
optimization problem with side information depends on whether the set A is a singleton, and whether
the probability mass requirement ¢ is zero.

(2) We derive finite-dimensional reformulationsﬂ of the distributionally robust portfolio optimization problem
with side information. Further, we also provide tractable reformulations for the distributionally robust
mean-variance problem and mean-CVaR problem as convex conic (second-order cone or semi-definite
cone) problems. This result is surprising given that the conditional expectation is a nonlinear function of
the probability measure, and that minimizing the worst-case conditional expected loss is equivalent to a
min-max optimization problem with a fractional objective function.

(3) We conduct extensive numerical experiments in both the US and Chinese equity markets. The results
demonstrate the advantage of the distributionally robust portfolio optimization formulation, which has a
higher Sharpe ratio and a better quantile performance for the portfolio return when compared with other
benchmarks.

The distributionally robust optimization problem with side information as presented in is generic, and
our contributions are related to the vast literature in estimation-informed decision-making tasks. Moreover,
by an appropriate choice of the loss function ¢, the sets (A, B, V') and the ambiguity set B, the formulation
can be applied to many other problems in the field of operations research and management science such as
supply chain management, transportation and energy planning.

1.2. Related Literature

We start this section by discussing existing work that exploits side information to enhance portfolio op-
timization. For applications of fundamental analysis, Fama and French leveraged market capitalization and
price-earning ratio to construct the celebrated factor models [25] [26], which was later applied to portfolio

LTo be precise, finite-dimensional optimization problems refer to problems that have a finite number of variables and constraints.
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optimization [I4]; Pdstor and Stambaugh [49] reported the evidence of equity risk premium due to illiquidity.
For applications of technical indicators, examples include momentum factor [32] [47], implied volatility [22],
short interest [55], and investor sentiment [4]. However, when comparing with our proposed approach, these
methods are vulnerable to estimation errors.

There is a rich literature on distributionally robust portfolio optimization, with diverse choices of distribu-
tional ambiguity set or different objective functions. When the objective function involves Value-at-Risk or
CVaR, previous studies employed the moment-based ambiguity set [30, [65], BT] and Wasserstein ambiguity set
[44] to model the worst-case risk. For distributionally robust portfolio optimizations that maximize piecewise
affine loss functions, see [46] for moment-based ambiguity set, and [I6] for event-wise ambiguity set. For
the distributionally robust mean-variance problem, Lobo and Boyd [40] and Delage and Ye [19] are among
the earliest to consider the worst-case mean variance model under moment ambiguity set. Other types of
ambiguity sets, such as Wasserstein ambiguity set [51l [I0], and optimal transport ambiguity set [I3], are
also studied afterwards. Due to the resemblance between Wasserstein distributionally robustification and
norm regularization [I1], the weight-constrained portfolio optimization problem [20] is also closely related to
this stream of research aiming to boost the robustness of the optimal portfolio. Nevertheless, none of the
aforementioned works considers how to incorporate side information and conditional estimation.

Our paper is also related to the topic of decision-making with side information, which is usually modelled
by a conditional stochastic optimization (CSO) problem (2). Ban and Rudin [5] applied weighted sample
average approximation (SAA) with weights learned from kernel regression to learn the optimal decision in
inventory management with covariate information. Bertsimas and Kallus [7] applied weighted SAA to solve
the general CSO problem, in which the weight is learned from nonparametric estimator such as k-nearest
neighbors, kernel regressions, and random forests. Bertsimas and McCord [8] generalized the approach of
[7] to multistage decision-making problems. Kannan et al. [35] developed a residual based SAA method,
where average residuals during training of the learning model are added on to a point prediction of response,
which is used as a response sample within the SAA. Decision tree based approaches are also developed to
solve CSO. Athey et al. [3] proposed the forest-based estimates for local parameter estimation, generalizing
the original random forest algorithm with observations of side information; Kallus and Mao [34] generalized
the idea to solve stochastic optimization problems with side information, in which they seek to minimize
the expected loss instead of the prediction accuracy. Conditional chance constrained programming was also
studied recently [54].

Recently, distributionally robust optimization (DRO) formulations are integrated into the CSO problem
to improve the out-of-sample performance of the solutions. For example, Kannan et al. [36] constructed a
Wasserstein based uncertainty set over the empirical distribution of the residuals, robustifying their previous
work [35]; Esteban-Pérez and Morales [24] leveraged some probability trimming methods and a partial mass
transportation problem to model the distributionally robust CSO problem.

Despite some common characteristics in terms of methodology, such as the idea of using the theory of
optimal transport to robustify the CSO problem, our paper is an independent contribution in comparison
to [36] and [24]E| There are two key differences between our model and that considered in [36]. Firstly,
we integrate prediction and decision-making into a single optimization problem, while in [36] the prediction
and the decision-making procedures are separated to simplify the problem. Secondly, the conditional side
information is required to be a singleton set X = z in [36], but our approach allows for a more flexible
modelling of side information by conditioning on a more general event X € A. Our work is also distinct from
Esteban-Pérez and Morales [24]. In contrast to [24], which employs probability trimmings to relax problem ,
we seek to provide an exact and tractable reformulation of the problem. Moreover, our approach tackles the
optimal transport ambiguity set directly, and the results can be explained by picturing an adversary who
perturbs the sample points in an intuitive manner.

2This claim is supported by the fact that this paper extends our previous work [48], which predates the publication dates of
both [36] and [24].
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Finally, this paper is a complete and comprehensive extension to our previous work [48], with a twofold
improvement. On the one hand, this paper naturally unifies prediction and decision-making into a single
DRO problem, while [48] solely considers the conditional estimation problem. On the other hand, this paper
applies optimal transport distance to construct a more versatile class of distributional ambiguity set, whereas
the ambiguity set in [48] is based on the type-oo Wasserstein distance. Even though the type-oo Wasserstein
distance is also motivated by the theory of optimal transport, it behaves qualitatively different from a type-p
(p < o0) Wasserstein distance. The pathway to resolve the distributionally robust optimization problems in
this paper hence differs significantly from the techniques employed in [48]. Finally, this paper also enriches
the emerging field of Wasserstein DRO, which has gained momentum recently thanks to its applicability in a
wide spectrum of practical problems [T}, 29 63 23] [44] [39].

Notations. For any integer M > 1, we denote by [M] the set of integers {1,..., M}. For any = € R, we
denote by (2)* = max{z,0}. We write R; £ [0,00). Let |- ||, denote the l,-norm for p € [1,0c]. For any
metric space (S,ds) equipped with a Borel sigma-algebra Fs, M(S) is the space of all probability measures
defined on (S, Fs). For any s € S, the Dirac’s delta measure corresponding to s is denoted by ds, i.e., for all
E e Fs,65(E)=1if s€ E and 05(F) =0 if s ¢ E. For any subset E C S, let OF denote the boundary of
FE, which is the closure of E minus the interior of E. The cone of m x m real positive semi-definite matrices
is denoted by S''. For m x m real symmetric matrices A and B, we write A = B if and only if A — B € S'".
For a probability measure P, let IEp[-] denote the expectation under measure P.

2. PROBLEM SETUP

We delineate in this section the details on our robustification of the conditional portfolio allocation problem.
To this end, we will construct the ambiguity set using the optimal transport cost.

Definition 2.1 (Optimal transport cost). Let D be a nonnegative and continuous function on Z X E. The
optimal transport cost between two distributions Q, and Q2 supported on Z is defined as

W(Q1,Qs) £ min {E.[D(&1,&)] : m € I(Q1,Q2)},

where 11(Q1, Q2) is the set of all probability measures on = x = with marginals Q; and Qa, respectively.

Intuitively, the optimal transport cost W(Qq, Q2) computes the cheapest cost of transporting the mass
from an initial distribution @ to a target distribution Q2, given a cost function D(&1, &2) prescribing the cost
of transporting a unit of mass from position &; to position &. The existence of an optimal joint distribution
7* that attains the minimal value in the definition is guaranteed by [62] Theorem 4.1]. The class of optimal
transport cost is rich enough to encompass common probability metrics. In particular, if D is a metric on
=, then W coincides with the type-1 Wasserstein distance. In this paper, we do not restrict the ground
transportation cost D to be a metric, and as a consequence, W is not necessarily a proper distance on the
space of probability measure. Nevertheless, we will usually refer to W as an optimal transport distance with
a slight abuse of terminology.

We now consider the covariate space X', equipped with a ground cost Dy, and the return space ), equipped
with a ground cost Dy. The joint sample space X x )Y endowed with a ground cost D constructed from Dy
and Dy. We suppose that the portfolio manager possesses NN historical data samples, where each sample is
a pair of covariate-return (Z;,y;) € X x ). Using the optimal transport cost in Definition we define the
joint ambiguity set of the distributions of (X,Y) as

B, = {QEM(X x V) : W(Q,P) §p}.
The set B, contains all distributions that are of optimal transport distance less than or equal to p from the

EN 1
P2 N Z 5(@7@)’
1E€[N]

empirical distribution
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defined as a uniform distribution supported on the training data (Z;,7;)~ ;. In this form, B, is a non-
parametric ambiguity set. We propose to solve the distributionally robust conditional portfolio allocation
problem

win swp Egll(Y,0,8)|X € A (o)) W
acA, BeB QeB,,Q(X N, (z0))>e !

In , the portfolio manager optimizes over the allocation o € A and the estimate 8 € B, while the fictitious
adversary chooses the distribution Q. The side information input is specifically modelled as a neighborhood
around a covariate xg € X, and the size of this neighborhood is controlled by a parameter v € Ry. This
neighborhood is prescribed using the ground cost Dy on & as

N, (x0) £ {z € X : Dx(z,70) <v}.

The set N, (zg) x Y is referred to as the fiber set. When N, (z¢) collapses into a singleton, it represents
the event X = x(, and we refer to this case as conditioning on a singular fiber set. In this perspective,
our formulation is a generalization of the conventional conditional decision-making problem in the literature,
which usually focus on conditioning on X = x¢. The constraint Q(X € N, (z¢)) > ¢ indicates a minimum
amount ¢ € [0,1] of probability mass to be assigned to the fiber set N, (zg). The feasible set A and B are
assumed to be simple, in the sense that they are representable using second-order cone constraints. Overall,
problem involves three parameters: the ambiguity size p € R, the fiber size v € R, and the probability
mass requirement ¢ € [0, 1].

It is now instructive to discuss the difficulty level of problem . By the definition of the conditional
expectation, problem is equivalent to

min sup EQ M(Yv «, B)]I(X S ./\/:/ (J)O))] .
acA, B€B geB, Q(XeN, (wo))>e  Bo[l(X € Ny (zo))]

In this form, one can observe that the objective function is a fractional, and thus is a non-linear, function
of the probability measure Q. Problem hence belongs to the class of distributionally robust fractional
optimization problems [33] [64]. This type of problems is fundamentally different, and also fundamentally
more difficult to solve, compared to existing models in the field of distributionally robust optimization that
simply minimizes the worst-case expected loss [53].

It is important to emphasize that the auxiliary variable 8 € B is intentionally regrouped to the feasible set
of the outer minimization problem of formulation . This regrouping of portfolio allocation variables o € A
and the estimation variable 8 € B is a modelling choice. In the expected loss minimization perspective, this
regrouping is without any loss of optimality under the conditions such as the compactness of A and ), as we
illustrate in the following technical lemmas.

Lemma 2.2 (Mean-variance loss function). The robustified conditional mean-variance portfolio allocation
problem is

min sup Varianceg[Y T a|X € N, (0)] — 1 -EolY " a|X € N (z0)].
*€A QEB, QX EN, (20))2e

If A and Y are compact, then the above optimization problem is equivalent to with £ representing the
mean-variance loss function of the form

Uy, 0, 8) =y a= B —n-ya (5)
and the set B defined as

B = inf Ta su Tal.
[QGA, yeyy ’ aeA,Ig)/eyy }

Lemma 2.3 (Mean-CVaR loss function). The robustified conditional mean-CVaR portfolio allocation problem

with risk tolerance T € (0,1) is

min sup CVaR«liT[YTodX € N, (z0)] —n-Eg[Y T a|X € N, (0)].
*€A QEB, QX EN, (20))2e
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If A and Y are compact, the above optimization problem is equivalent to problem with £ representing the
mean-CVaR loss function of the form

1 1 1
(Y B) = —ny o+ B+ —(—y a - B)* = max {—nyTa + 8, =+ —JyTa+ (1- T)ﬁ} (6)
and B as defined in Lemma[2.3

Theoretically, the assumptions on the compactness of the sets A and ) may be restrictive. However,
in practice and especially in the portfolio decision setting, the feasible allocation set A is usually compact.
Moreover, we empirically observe that restricting ) to be inside a ball of sufficiently large diameter does
not alter the numerical solution. Alternatively, weak duality also implies that problem is a conservative
formulation of the robustified risk measure minimization problem, and thus the optimal solution of can
still be considered as a robust, or more risk-averse, portfolio allocation. The proofs of Lemmas and
are relegated to the appendix.

Throughout this paper, we make the following regularity assumption.
Assumption 2.4 (Regularity conditions). The following assumptions hold.
(i) Separable ground cost: The joint space X X Y is endowed with a separable cost function D of the form

D(($7y)a (xlay/)) = ]D)X(l‘, CC/) + Dy(y7y/) V(J], 9)7 (mlvy/) € X X y
The individual ground transport costs Dy and Dy are symmetric, non-negative and continuous on
X X X and Y x )Y, respectively. Moreover, D((x,y), (x’,y’)) =0 if and only if (z,y) = (2',v').
(ii) Projection: For any i € [N], there exist a unique T € N (zo) such that

0 < K = min ]Dx(x,@) = Dx(ﬁc\f,@) (7)

€N, (z0)

(iii) Vicinity: For any (x,y) € ON,(z0) x Y and for any radius r > 0, the set
{(@',y) € (X x V)\(N5(z0) x V) : Da(a', ) + Dy(y',y) < r}

18 mon-empty.

The conditions on Dy and Dy in Assumption are trivially satisfied if these individual ground costs
are chosen as continuous functions of norms on X and ), respectively. Assumption asserts the existence
of the projection of any training sample point (Z;, y;) onto the set N (zo) x Y. It is easy to see that x; = 0 and
z¥ = 7; whenever 7; € N, (z0) thanks to the choice of D in Assumption Assumption indicates
that any points on the boundary of the fiber set can be shifted outside the fiber with arbitrary small cost.

Notice that for a fixed amount of fiber probability ¢, if the transportation budget p is small, the feasible
set of the inner supremum problem in may be empty. We define the minimum value of the radius p so
that this feasible set is non-empty as

proin (20,7, €) 2 inf {W(@,@) Qe M(X %), QX € N, (a0)) > 5} : 8)

The value k; defined in Assumption signifies the unit cost of moving a point mass from the obser-
vation (Z;,¥;) to the fiber set N (zg) x V. The magnitude of x; depends on v, however, this dependence is
made implicit. Using this definition of k, the next proposition asserts that the value of pyin(xo,7,€) can be
computed by solving a finite dimensional optimization problem.

Proposition 2.5 (Minimum radius). The value pmin(xo,7,€) equals to the optimal value of a linear program

Pmin(Z0,7,€) = min -1 Z kvt v €0,1]N Z v; > Ne » | 9)
1E€[N]

where k are defined as in (7). Furthermore, there exists a measure Q € B, such that Q(X € N, (z¢)) > ¢ if
and only if p > pmin(T0,7, ).
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Notice that the minimization problem (@ can be formulated as a fractional knapsack problem, and it can
be solved in time O(N log N) using a greedy heuristics [I8], see also [38, Proposition 17.1].

Proof of Proposition[2.5 Using the definition of the optimal transport cost, we can compute pmin(zo,€) as

wt | D, 2') + Dy(y, )] 7((de x dy), (da’ x dy))
(XXY)X(XXY) .
Pmin(20,7,6) =% s.t. Q€ M(X xY), 7 € I(Q,P)

1A (20) () W((dx x dy), (dz" x dy’)) > e,
(XXY)X(XXY)
Because P is an empirical measure, any joint probability measure 7 € II(Q, I@’) can be written as 7 =
N1 ZiG[N] T; ® 0(z,,5,) using the collection of probability measures {m}ie[N], and ® denotes the Kronecker
product of two probability measures. One thus can reformulate pmin(zo,7,€) as

it N7 Y [ (o3 + Dy 5] mide x )
ic[N] 7 X*Y

st m € M(X xY) Vi€ [N], > mi(Ny(wo) x V) > Ne.

i€[N]

pmin(@"Ovag) = (10)

Let {7} }ic[n) be the optimal solution of the above optimization problem. We now show that 7} should be of
the form

™ = Bibar g, + (1 — Bi)d(z.,3)
for some v; € [0,1] and where Z¥ is the projection of Z; onto N (z¢) defined in (7). Suppose otherwise, then
denote P; = 7} (N, (zo) x V). Consider now

T = Pidar g, + (1 = Pz, g,)-
It is trivial that 7 (N, (z0) x V) = 322ic v Pi = 2o ™ (N5 (20) X ¥) = Ne. Moreover, we have

S [ DuleE) + Dy 5] wilde x dy) = 3 Dx(EE) + Dyl TP
ie[N]/X*Y i€[N]

<Y [ D@+ Dyl 5] 7o x dy),
ie[N] 7 AXY
which implies that {m}};c(n) is at least as good as {7} };c(n] in the optimization problem (L0).

Next, by restricting the decision variables to m; = Ui5(5p7l7i) +(1- vi)é(gi@), one now can consider the

inf N1 Z KiU;

1€[N]
s.t. velo,1V, Z v; > Ne.
i€[N]

equivalent reformulation

pmin(x(h v 5) =

Because the feasible set is compact and the objective function is continuous, the minimization operator is
justified thanks to Weierstrass’ maximum value theorem [Il Corollary 2.35].

It remains to show the existence of a measure Q* € B, with Q*(X € N, (x)) > ¢ if and only if p >
Pmin(Z0,7,€). The definition of puin(zo,y, ) immediately proves the “only if” part, because implies that

B,N{QeMXxY): QX €Ny(x0)) >e}=0 VYp < pmin(20,7,€).

Now we prove the “if” part. Given a minimizer {v; };e[n] that solves @, there exists a collection of probability
measures {77 };e(n] defined as 7 £ v dr 5, + (1 — v})d(z, 3,) such that

/ Dx(z,z;) + Dy(y, y:)] 77 (de x dy) = k0.
X XY
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The probability measure Q* & N~} Zie[ N 77 satisfies

-~ 1 - - 1
W(Q*7P) < N Z / []D)X((E,I,Cl) +Dy(y7yz)] W:(d(b X dy) < N Z Kiv; = pmin(iva’%E) < P
XXY

i€[N] i€[N]

where the last equality is from the optimality of v*. This implies that Q* € B, and completes the proof. [J

3. TRACTABLE REFORMULATIONS FOR SINGULAR FIBER SET

We study in this section the case where the radius of the fiber set is v = 0, which implies that N (z¢) =
{zo}. In this case, we simply recover the conventional portfolio allocation problem conditional on X = zy. A
schematic representation of the sample space is presented in Figure[I} Interestingly, the qualitative behavior
of the robustified conditional portfolio allocation problem depends on whether ¢ = 0 or ¢ > 0. We will
explore these two cases in the subsequent subsections.

Y X

2o i

FIGURE 1. Generic setting for conditional decision-making with a singular fiber set. Shaded
area represents the support = € X x ) of the joint covariate-return random variables. Bold
red line indicates the fiber set {zo} x V.

3.1. Null fiber probability ¢ =0

We consider now the situation when v = ¢ = 0. Notice that the probability mass constraint in this case
should be taken as a strict inequality of the form Q(X = x¢) > 0 to avoid conditioning on sets of measure
zero. This is equivalent to viewing the mass constraint in the limit as € tends to zero. If we use the type-co
Wasserstein distance to dictate the set B, then the results from [48] can be utilized in order the compute the
worst-case conditional expected loss. However, in this paper, we use the optimal transport of Definition [2.1
to prescribe B,, and the worst-case expected loss becomes uninformative as is shown in the following result.

Proposition 3.1 (Uninformative solution when ¢ = v = 0). Suppose that e = v = 0. For any o € X and
p € Ry, the worst-case conditional expected loss becomes

sup Eq[l(Y, e, B)| X = zo] = sup Ly, «, B).
QEB,,Q(X=120)>0 yey

Proof of Proposition[3.1} Because P is an empirical measure, any joint probability measure m € H(Q,@) can
be written as 7 = % Zie[]\'] Ti ® 0(z,,5,)» where each m; is a probability measure on X x ). Thus by the
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definition of the optimal transport cost, we find
37 € M(X x V) Vi € [N] such that Q = N ! DieN] T
_ .1
By={QeMxxy): Ly /[]])X(x,@) + Dy (y, §i))mi(dz x dy) < p

i€[N] "=

Fix any arbitrary yo € Y. For any i € [N], let (z},y;) € X x Y be such that z; # z¢ and

X($2,$)+ y(ymy)sz
Consider the following set of probability measures {Wi}ie[ ) defined through
Sat o itie[N—1],
V(2,y0) + (1 — U)(S(zgv,y;\]) if 1= N,

for some v € (0,1] satistying v[Dx(zo,Zn) + Dy(yo,yn)] < p/(2N). Given this specific construction of
{mi}iein), we can verify that

1 ~ ~
i Z / Dx(x,7;) + Dy(y, :)]m(de x dy) < p, and Z (X =x09) =v > 0.
ie[N] YAV i€[N]
As such, the measure Q' = N1 ZiE[N] m; satisfies Q' € B, and Q'(X = o) > 0. We thus have
sup Eqll(Y, o, B)|X = wo] > Eg [U(Y, o, B)|X = o] = £(yo, o, B).
Q€B,,Q(X=z0)>0
Because the choice of yg is arbitrary, we find
sup Eq[l(Y, a, B)|X = xo] > sup £(y,, B).

QEB,,Q(X=20)>0 yey
Moreover, because the distribution of Y given X = x is supported on ), we have
sup Eq[l(Y, o, B)|X = xo] < sup Egll(Y, o, 8)|X = x0] < sup Ly, a, ).
Q€B,,Q(X=x0)>0 QeB, yey

This observation establishes the postulated equality and completes the proof. O

The result in Proposition [3.1] can be justified heuristically as follows. Consider an adversary who can move
sample points on X X ) to maximize the loss subject to the optimal transport distance budget constraint.
If Z; = x¢, then the adversary can slightly perturb Z; within a infinitesimal distance so that the sample no
longer belongs to the fiber set. Because of the continuous assumption on the ground metric, this perturbation
cost an infinitesimally small amount of energy. The adversary can repeat until there is no sample point lying
on the fiber set. Now, the adversary can pick any sample and slice out a tiny amount of mass and move that
slice to any location on {z¢} x J. Because the ground metric is continuous by Assumption and because
the slice can be chosen arbitrarily small, this would cost an infinitesimally small amount of energy. As the
thin slice can be put on any point on {2} x ), the resulting distribution will generate the robust conditional
expected loss.

Proposition [3.1] reveals that the conditioning problem with e = v = 0 results in a robust optimization
formulation, which can be overly conservative. This result is also negative in the sense that the worst-case
conditional expected loss depends only on the support Y, and it does not depend on the data (Z;,7;) that
were collected. Thus, in this case, the notion of data-driven decision-making becomes obsolete, and thus we
do not pursue the reformulation any further.

3.2. Strictly positive fiber probability ¢ > 0

We now study the situation with a singular fiber set v = 0, but the probability mass requirement is set to
a strict positive value € € (0, 1]. The robust conditional portfolio allocation problem can now be rewritten
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explicitly as
min sup ]E (Y, a, 8)| X = o). (11)
acA, BeB QEB,,Q(X=z0)> Q
The next theorem asserts that the worst-case conditional expected loss admits a finite-dimensional refor-
mulation.

Theorem 3.2 (Worst-case conditional expected loss when v = 0). Suppose thate € (0,1] and p > pmin(20,0, €).
For any feasible solution (a, B), we have

sup Eg[l(Y, a, 5)| X = 0]
QEB,.Q(X=z0)>¢

: 1 - - - i
= inf {phitedet = <Sup {e7 yi, a, B) — [Dac (20, Ti) + Dy (i, )]\ — >\2}>
Sy N \wey

2

Proof of Theorem[3.3 By applying Proposition [A74] we have

sup Eg[¢(Y, o, B)| X = zo]
Q€eB,,Q(X=z¢)>¢e
sup sup Z v, (Y, a, B)]
v€e[0,1]N, 30, ¢ vy vi=Ne i€[N]

= s.t. ph € M(Y) Vi€ [N]
> vi(Da(wo, 7i) + B, [Dy(Y, :)]) < Np.
1€[N]
For any v satisfying Zie[ N] Viki > Np, the inner supremum subproblem is infeasible, thus, without loss of

optimality, we can add the constraint Zie[ N Viki < Np into the outer supremum. Denote temporarily by U
the set

U=1_wvel1]V: Z v; = Ne, Z vik; < Np
1€[N] 1€[N]

For any v € U, strong duality holds because pj) := 0y, constitutes a Slater point. The duality result for
moment problem [58, Proposition 3.4] implies that the inner supremum problem is equivalent to

inf )\1(Np— Z v;Da( a:o,scl Z 0;

1€[N] 1€[N]
s.t. M ER,, RN
0Dy (i, Yi) A1 + 0; > (Ne) " toil(yi, a, ) Vy; € Y, Vi € [N].

By rescaling 60; < v;0;, we have the equivalent form

sup Eg[(Y, o, B)| X = z0]
QeB,,Q(X=z0)>¢e
sup inf M\ (N,o— Z Uli(xo,/x\i)) + Z v;0;
ve[o’l]Nsz‘e[N] vi=Ne ’LG[N] ZG[N]

s.t. M ER,, RN
Dy (yi, i) A1 + 0; > (Ne)"U(yi,a, ) Vy; € Y, Vi € [N]
inf sup A (N,o— Z Ui]]]);((xm@-)) + Z v;6;
VeV, 3, vi=Ne i€ i)
s.t. M €ERy, e RY
Dy (yi, Ji) A1 + 0; > (Ne)"Y(y;, o, B) Vy; €Y, Vi € [N].
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inf  Nphi+ Nedp+ D ¥
1€[N]
=< st M ERL, M eR, 0eRY, 9eRY
]D)y(yiaz/ji))\l_‘_yi Z (N€)_1£(yi70476) vyl eya Vi € [N]
Ao + U 201-—]1]);((3:0,551»))\1 Vi € [N],
where the second equality follows from interchanging the min-max operators using Sion’s minimax theo-
rem [60]. By eliminating 6, we have
sup Eg[¢(Y, o, B)| X = xo]
QGBP¢Q(X:930)ZE
inf  Nph+Nedp+ D ¥
1€E[N]
st A ERy, M eR, 9 eRY
0i > supy, ey { (Ne) " (yi, @, B) — D (w0, T5) + Dy (yi, Gi)]h — Ao} Vi € [N],

1
inf  pA; +eXo + N Z ¥;
1€E[N]
sit. A ERy, M eR, 9 eRY
197; Z SuPy,iey {6_16(%,0@5) - [DX($O7§1) + ]D)y(ylvgl)]Al - )\2} Vi S [N]’

where the second equality follows by rescaling the dual variables. Eliminating ¢ leads to the desired result. O

It is instructive to discuss the insights that leads to the result presented in Theorem [.2] Notice that the
supremum problem in the statement of Theorem has a fractional objective function. The first step of
the proof establishes that without any loss of optimality, the inequality constraint Q(X = z() > € can be
reduced to an equality constraint of the form Q(X = xg) = & (see Proposition for a formal statement of
this result). Leveraging this result, it suffices to solve an equivalent problem which is linear in the probability
measure of the form )

sup —Eg[l(Y, o, B)L(X = x0)].
Q€B,,Q(X=x0)=¢ €
At this point, standard duality techniques can be applied to reformulate the original problem into a finite-
dimensional optimization problem.

We acknowledge that a similar duality result has been proposed in [24] Theorem 1] using the trimming
approach. Notice that the trimming procedure in [24] is rather restrictive: it was designed so that any feasible
distribution @Q should satisfy Q(X = xg) = ¢, and thus the fractional objective function becomes a linear
function of Q. In direct comparison, our approach can be considered to be less stringent: we only impose an
inequality Q(X = x¢) > €, and thus our adversary has a bigger feasible set and is more powerful.

By combining the infimum reformulation of Theoremwith the outer infimum problem of problem ,
the portfolio allocation problem is thus reformulatable as a finite-dimensional optimization problem.
More specifically, problem becomes

. 1
inf  p\; +€>\2+N Z 0;

s.t. a€A BeB, A\ eRy, MR, eRY

0; > sup,,cy {e (i, a, ) = Dy (ys, Yi) A1 } — Da(wo, o)A — A2 Vi € [N].
In Propositions and we provide a second-order cone reformulation of problem tailored for the
mean-variance and mean-CVaR objective functions for a special instance with X = R, ¥ = R™, Dy (2, Z) =
|z — Z||? and Dy (y,y) = ||y — 7||3. Notice that Dy is constructed from an arbitrary norm on R™ while Dy, is
constructed as the squared Euclidean norm on R™.

Proposition 3.3 (Mean-variance loss function). Suppose that ¢ is the mean-variance loss function of the
form (B), v =0, e € (0,1] and p > pmin(w0,0,¢). Suppose in addition that X = R™, Yy = R™, Dy (z,Z) = ||lz—
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Z||? and Dy (y,7) = |ly—71ll5. The distributionally robust portfolio allocation model with side information
is equivalent to the second-order cone program

. 1
inf - pAi+eds + >0

1€[N]
s.t. a€A BEB MER,, MeR, 0cRY, zcRY, weR
0<w<l1
2
@ <1—wHel
1710*6)\1 9
2 = by +ellzo — Tl|PA1 +edo + 377 + 0B
20 a0 —28 — ; € [N].
yla—28-n <ot Vi € [N]
Z; —w 5

Proof of Proposition|3.5 By exploiting the quadratic form of ¢, the supremum problem in the last constraint
of is a quadratic optimization problem that admits a closed form expression as

sup {e”(yi, o, B) — MDDy (yi, 7i) }

Yy €Y
=sup {e 'y a—B)* —e " 'nyl o= M-y — ill3}
Yy €Y
1 - - 1 R
=— e P —e B+ sup {e 'y a—B— ) =Ny —Gill3}
4 Yi€Y 2

Let A; =y o — 3 a, then we have

sup {e"U(yi, a, B) — Dy (i, Ui) A1 }
Yyi€Y

1 -1,2 -1 -1 ~T 1 2 : =112
=——¢ —€ +sup (¢ (A +ya—B8—-n)* = A1 inf i — Ui
i it s e Ak Gra=Bognt e b Bl

1 - - R 1 _
=— e P —e B+ sup {e HA + 7 a—B—-n)? — MAYal3 %],
4 AiER 2

where the last equality is obtained by applying the Cauchy-Schwarz inequality, i.e., A; = (y; — 3)Ta <
llyi — Bill2|lr||2, which implies that the minimum for ||y; — 7;||3 is Asljal|; 2. By combining cases, we find
sup {5_1£(yia a, 6) - >\1Dy(y'h :/y\l)}
Yy €Y
1, @ a=p—3n)?*

9 'W—%Eil'rﬁ—é‘ilﬁﬁ if Al >€71||OLH%,
= —is_an—s_lnﬁ if \y = e Y|a||2 and 7' a = B+ /2,
+0oo otherwise.

Consider the case of A\; > e~ !||a||? first, in which the last constraint of is satisfied if and only if there
exist ancillary variables w € (0,1) and z € RY, such that

L—cYal3/M 2w = e(l-w > |al3
and
2 = eb; +ellzo — Ti)* A1 +eXg + inz +np
zw > (5 a—B—Ln)’

Using the equivalent reformulation between hyperbolic constraint and second-order cone constraint [41], we

have
2
1—w-— 5/\1

92'2(9

Vi € [N].

~T 1,32

4 @la—=pB-3m) I 4o

: - = - =
e talB/a 47 7 7° "

<l—w+eN

(1 —w)h > ||} <= ’
2
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and
= 1 2o — 28 — .
ziwz(yja—ﬂ—n)2<:>|lyla B 77] <z +w Vie][N].
2 Zi — W )
Now we consider the case of A\; = e !||a||3, where the last constraint of is equivalent to the cone
constraints when w = 0. Finally notice that w = 1 recovers the original constraints when a = 0. Combining
all of the above cases and using them to replace the last constraint of completes the proof. O

Proposition 3.4 (Mean-CVaR loss function). Suppose that £ is the mean-CVaR loss function of the form @,
v =0, ¢ € (0,1 and p > pmin(z0,0,€). Suppose in addition that X = R", Y = R™, Dx(x,7) = ||z — Z||?
and Dy (y,7) = |ly — yll3. The distributionally robust portfolio allocation model with side information is
equivalent to the second-order cone program

inf p>\1 +6>\2+% Z 07,
ie[N]
s.t. a€A BeB, MeER, MeR, §eRY, zeRY, zeRY
2 =0; + Mllzo — Tl + A2 + ey a— 718
Zi=0; + Mllzo — TP+ X+ e t(n+ Dyl a -1 - 1)B

e na el m+7Ha
Zi — )\1

Zi — )\1
Proof of Proposition[3]] Notice that ¢ is a pointwise maximum of two linear functions of y;. In this case,

Vi € [N].
<z + A,
2

<Z+M
2

the supremum problem in the last constraint of can be written as
sup {e™"((yi, a, B) = Dy (i, i)\ }

Yi €Y
sup {_5_177y;04+5_16_)‘1'||yi_§iH§}7
=max ¢ e 1 1y, T 1 1 12
sup {—E* M+ )y a+e (11— ;)ﬁ—Al'Ilyi—yin}
y; ER™
—2,.2 —2 —1\2
1T _ e7n _ 1. _+ _ 1 € (77—1—7’ )
:maX{-E "ngl a7 B+ 5w lall3, —e(n+ ;)yi a+e 1(1—;)5+—4/\1 13 -

Therefore, using additional variables z; € Ry and z; € Ry, we can reformulate the last constraint of as
the following set of constraints

zi = 0; + )\1”17() — EL'\Z‘||2 + Ao+ E_ln/y\iTOt — 8_16

Az > e |all3

s, .12 —1 1IN\~T —1 1
z,-—9¢—|—/\1||xo—x¢|| + X +e (77+;)yioz—6 (1—;)ﬂ
Az > e2(n+771) a3

Vi € [N].

Using the equivalent reformulation between hyperbolic constraint and second-order cone constraint [41], we
have for each i € [N]

-1
4Nz, > 672772”05‘@ <~ | [5 770[] < zi + A,
zi — A\
2
and
-1 -1
ANz > e 2+ 172l = lg (37 +; )a] < Zi+ A,
Ri = Al
2
which finishes the proof. O

Both Proposition [3.3]and [3.4]leverage the fact that Y = R™ in order to simplify the semi-infinite constraints
into second-order cone constraints. In case the set ) is an ellipsoid of the form Y = {y € R™ : y " Qy+2q "y +
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go < 0} with a non-empty interior, then semi-definite cone constraint counterparts are also available by
employing the S-lemma [52].

4. TRACTABLE REFORMULATIONS FOR NONSINGULAR CONDITIONING SET

We now focus on the portfolio allocation conditional on X € N, (x¢) for some fiber radius v > 0. A fiber
set of this form was first used in [48] in the conditional estimation setting with the aim to hedge against noisy
covariate information zy and also to improve the statistical performance of the solution approach. The results
from [48] rely heavily from the specification of the ambiguity set using the type-oco Wasserstein distance, and
these results are not transferrable to the ambiguity set under investigation in this paper.

As a parallel counterpart to Section [3] we will study two separate cases depending on whether the prob-
ability requirement e is zero or strictly positive. We start by discussing the behavior of the optimization
problem when € = 0.

4.1. Null fiber probability ¢ =0

Similar to Section we consider the probability mass constraint of the form Q(X € N, (x¢)) > 0 with a
strict inequality to avoid conditioning on sets of measure zero. The complication of conditioning on sets of
measure zero, as highlighted in Section [3.1] for £ = 0, still arises in this case when the radius p is big enough.
To illustrate this problem, we define the following quantity

pmax(T0,7) £ mf{W(Q,P) : Q € M(X x V), Q(X € N, (o)) = 0}.

Intuitively, pmax(zo,7) indicates the minimum budget required to transport all the training samples out of
the fiber NV (zo). If the empirical distribution P satisfies P(X € N, (zg)) = 0, which means that there is
no training samples (Z;,7;) falling inside the fiber set N, (x¢) x Y, then it is trivial that pmax(zo,v) = 0. If
P(X € N, (z0)) > 0, then the value of pmax(zo,7) is known in closed form. To this end, define the following
index sets

Iy ={i € [N]:Z; € Ny(z0)}, Iy, ={i € [N]:z; ¢ Ny(z0)}. (13)
The sets Z; and Z, divides the training samples into two mutually exclusive sets dependent on whether the
training samples fall inside or outside the fiber. For any ¢ € [N], let d; be the distance from Z; to the boundary
ON, (o) of the set N, (z(), that is,

Vi€ [N]: d; = zeamj\/ijl(mo)DX(x’@)' (14)

Note that the distance d; defined above is closely related to the values of x; that is defined in @ Indeed, if
Z; € N, (x¢) then d; is equal to x;. However, if Z; is in the interior of the set N, (z¢) then d; > 0 while x; = 0.
Using the definition of the set Z; and the boundary projection distance d;, the maximum radius pmax (o, )
can be computed in closed form, as asserted by the next proposition.

Proposition 4.1 (Expression for pmax(70,7)). We have pmax(0,7) = N™" 32,7, di.

Proof of Proposition[{.1 Without any loss of optimality, we can substitute the constraint Q(X € N, (zg)) =0
by the inequality constraint Q(X € N, (z)) < 0 to obtain

Pmax(T0,7) = inf{W(Q,@) :Q e M(X x D), QX € N,(x0)) <0}

inf B, D)
s.t. me M((X xY)x (X xY))
Ew[]l/\/’w(aro)xy(g)] <0



ROBUSTIFYING CONDITIONAL PORTFOLIO DECISIONS VIA OPTIMAL TRANSPORT 16
where £ represents the joint random vector (X,Y’). By a weak duality result [61, Section 2.2], we have
| X
sup N Z b;
Pmax(0,7) >4 s.t. beRN, (€ Ry

Zbilm,@i)(f@) — (I, (2o) (@) < D((z,y), (2',9)) V(z,y),(@',y) € X xY

sup —Zb
s. t. bGR 5 <€R+
C]lj\/w zg)(xz) < D((xiyyi), @m@)) V(xi,yi) €eX x)Y, Vie [N]

1
= - i f ID) iy Yi)y Ai7/\i + ]l x i
e, Nig\f] (%,y:])nexw{ (20,2, (@,50)) + €Ly ooy (@)}

1
= Ssup — Z inf {DX xzaxz)+<]]-N (xo)(xl)}7
CERy ie[N] T, €EX
where the last equality follows from the decomposition of D and the fact that the minimizer in y; is ¥;. For
any ¢ > 0, we have for any ¢ € [N]

min{¢,d;} if z; € N, (o),

inf ID ia/\i -+ 1 o i =
zl,réX{ x(2i, %) +¢ Ny ( )(x )} {0 if'fi€N»y(x0)a

which implies that

Pmax(0,7) > sup me (¢.di) Zd

CER4 1611 zeIl

In the last step, we show that the above inequality is tight. For any value p such that p > & ZzeIl
Assumption and the continuity of Dy and Dy imply that there exists (z},y;) € (X x Y)\(N5 (o) x y)
such that 1 .

D "z Dy 0) < d + —(p— — Y

X($1)$Z)+ y(ywyz)_drf'N(p N Zdz)
€Ty
The distribution 1
=5 (22 0t + D d@an)
i€1, 1€y

thus satisfies W(Q/,P) < p and Q'(X € N, (z0)) < 0. This implies that pmay(z9,7) = N1 > iez, di and
completes the proof. O

The result of Proposition is also intuitive: if Z; falls in the fiber N, (o) then ¢ € Z;, and we will
need a sample-wise budget of d; /N to transport Z; out of N (). The value pmax(zo,7) is thus obtained by
summing all d;/N over the set Z;. If Z; = () then there is no training sample inside the fiber set, and thus
Pmax(T0,7) = 0.

The computation of pmax(Zo,7) provides a natural upper bound on the radius p. Indeed, if the radius p
prescribing the ambiguity set is bigger than pmax(zo,7), then we recover the robust worst-case conditional
loss. This robust loss is uninformative because it depends only on the support ) and it is independent of
the training samples. This negative result is a reminiscence of Proposition and highlights once again the
sophistication of the distributionally robust conditional decision-making problem.
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Proposition 4.2 (Uninformative solution when p is sufficiently large). When v € R4, € = 0, and p >
Pmax (T0,7), we have

sup Eg[l(Y, o, B)|X € N, (20)] = sup {(y, e, B).
Q€B,,Q(XEN, (20))>0 yeY

Proof of Proposition[{.4 For simplicity, we assume that pmax(zo,7) > 0, which implies that Z; # (. Let’s
consider some index j € Z;. Assumption [2.4(iii)| and the continuity of Dy and Dy imply that there exists
z; € X\N, () such that

Dx(iﬂ ) <d + — p_pmax(x()a'y))'

2N (
Fix an arbitrary value yy € ). Consider the distribution

> bwan+ D 0@ T VG, w0 + (1= 0)8E,5))
i€1\{j} i€Lo

in which v € Ry} is chosen so that

—_

vDy(yo,75) < 5(0 — Pmax(Z0,7))-

It is easy to verify that Q' (X € N, (zg)) = v/N >0, W(Q’,I@) < p and that
EQ’ [g(Y7 «, ﬂ)‘X € N’Y(‘TO)] = E(y()a a, /8)

Because 3y has been chosen arbitrarily, a similar argument as in the proof of Proposition leads to the
necessary result.

Note that alternatively, the case where pmax(zo,7) = 0 implies that all samples {;};cn) lie in the set
(X \N,(20)) UON, (o). If Z; # 0, then the same argument as before applies. Otherwise, fixing j to be such
that Z; ¢ N (z0), the same results is obtained with

1
V=50 D> Feug+vdewm +(1-v)6,g))
i€T>\{j}

where Z} is the projection of Z; onto ON,(z0). The proof is complete. g

We now provide a heuristic justification for the result of Proposition [£.:2] To form the worst-case distri-
bution, the adversary first moves all the samples with index in Z; out of the fiber, and this would cost an
amount of energy pmax(zo,y). After that, the adversary can pick any sample, slice out an infinitesimally small
amount of mass, and then move that slice to any point in the fiber N, (z¢) x Y. Because p > pmax(2o,7) and
because the ground metric is continuous, this new arrangement of the samples is feasible, and constitutes the
worst-case distribution that maximizes the conditional expected loss.

Consider now the case in which the ambiguity size p is strictly smaller than the maximum value pmax (2o, ).
It can be shown that in this situation, any distribution Q that is feasible in the supremum problem of
should satisfy Q(X € N, (z¢)) > ¢ for some strictly positive lower bound e. Further, this value £ can be
quantified by solving a linear optimization problem.

Proposition 4.3 (Strictly positive probability requirement equivalence). Suppose that v € R4, € =0 and
P < Pmax(x0,7). Then there exists an £ > 0, such that the distributionally robust portfolio allocation model
with side information 18 equivalent to

min sup Egl[l(Y, a, B)| X € N, ()]
a€A, BEB QeB, QX N, (20))2e !

In particular, this equivalence holds for:

{ > piipelo, Y, Zd p1<p}

1€ ZEII
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Proof of Proposition[{.3 We start by proving by contradiction that, when p < pmax(z0,7), We necessarily
have that infgep, Q(X € N, (o)) > 0. Let us assume that:

Jnf QX € N, (o) = 0.

This implies that for all € > 0, there exists a Q € B, such that Q(X € N, (x¢)) < e. Based on the following
representation of B,:
EI mi € M(X x V) Vi € [N] such that Q = N=1 37,y
Bp =41Q¢€ M(X x y Z Em ]D)X(X xz) —‘,—Dy(y yz)] <p ) (15)
ZE[N]
it must be that there exists an assignment for {m;}, that satisfies:
1 ~ ~
v > Er [Dx (X, %) +Dy(Y,5:)] < p
1E€[N]

and

1
N Z mi(X € Ny(z0)) <e.
i€[N]
We can work out the following steps:

p> % > B [Da(X, ) + Dy(Y,5:)] > % Y En[Da(X,20)[X ¢ N (zo)lmi(X & N (o))

ie[N] i€[N]
> Z d;( (X e Ny(z0)) > — Z d; — (mzaxdi) Q(X € Ny(20)) > pmax — (m?xdi) €
1€[N 1E[N]

Given that this is the case for all €, we can conclude that p > pmax, Which contradicts our assumption about
the ambiguity size p.

Next, we turn to how to evaluate ¢ := infgep, Q(X € N, (x0)). Given any @ € B,, associated to some
{ﬁi}ie[ N7 based on the representation in 7 one can construct a new measure Q* of the form:

1 1
Q=5 2 (1=p)dG: 5 + Pida.50) + 57 D 0G50
i€l i€,
where 77 € X\N,(x¢) is a point arbitrarily closti to the projection of Z; onto N, (z¢), based on Q* = Q5
with p; = (X € N, (x0)). It is easy to see how Q* € B, and achieves:
Q*(X € N, (0)) < QX € N (w0)) -

Hence, using similar arguments as in the proof of Proposition we have that

inf  Q5(X € N,y(z0))
s. t. pE [0, I]N, f: € X\Ny(l’o) Vi € Il

g= .
Q) =~ Lier, (=23 5y +Pi0a50) +  Lier, O
N Ziell di(1—pi) <p
—mm{ Zpl pEOl Zd }
i€y 1611
This completes the proof. O

The linear program that defines € in Proposition can be further shown to be a fractional knapsack
problem, and it can be solved efficiently to optimality using a greedy heuristics [38, Proposition 17.1]. The
conditions of Proposition is satisfied only when pyax(zo,7y) > 0, which further implies that Z; # () and
there exists at least one training sample in the fiber set NV, (z¢) x Y. With a ambiguity size p which is strictly
smaller than pmax(2o,7), it is not possible for the adversary to remove all the samples out of the fiber set
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Ny (zg) x Y. The lower bound value € here represents the lowest possible amount of probability mass that is
left on the fiber.

The result of Proposition indicates that the portfolio allocation problem when p < ppax(xo,7y) can be
obtained by solving the general problem with a strictly positive probability mass requirement. This general
case is our subject of study in the next subsection.

4.2. Strictly positive fiber probability ¢ > 0

We now consider the last, and also the most general, case with a nonsingular fiber set v > 0 and a strictly
positive fiber probability € > 0. More specifically, we aim to solve the portfolio allocation of the form

min sup Eqll(Y, o, B)| X € N (x0)]. (16)
acA, BEB QeB,,Q(X N, (z0))>e ° 7

As the first step towards solving , we present in the next theorem the finite dimensional reformulation of
the worst-case conditional expected loss.

Theorem 4.4 (Worst-case conditional expected loss for e > 0). Suppose that v € R4, € € Ry, and
P > pmin(Zo,7,€). For any feasible solution (a, 8), we have

sup Eg[l(Y, o, B)| X € N, ()]
QEB,, Q(XEN, (z0))>e

inf ¢+ (Ne)~lvt — N~1y~

s.t. NeRY, seRN, vTeRy, v” €Ry, 9€R, peRy, p eRY
¢ —dip+1p; —5>0 Vi€ Iy

- ¢p+dip+;—52>0 Vi € Iy
v —vT + (YCier, di = Np)p = 2icn i = 0
p—=—X>0 Vi € [N}
Si > sup {e(yi, o, B) — XDy (yi, 7i) } Vi € [N],
Yi

where the parameters d; are defined as in .

Proof of Theorem[[.] By exploiting the definition of the optimal transport cost and the fact that any joint
probability measure m € II(Q, P) can be written as 7 = N~! ZiE[N] T; ®0(z, 5,), Where each m; is a probability
measure on X X ), we have
sup Eg[l(Y,«, )| X € Ny(x0)]
st meM@XxY) Vie[N]

QGBP,Q(;lel/I\)@(xO))ZE Eolt(Y e HIX € Ny(wo)] = >ievy Ti(Ny(20) x V) > Ne
Q=N"iem Tis Ziepy) Wi, dz,5)) < Np
S iepn Er [0, @, B) 1z, (2) (X))

> iein (X € Ny (o))
={ s.t. meMXxY) Vie|N]
ey TNy (x0) X V) = Ne
Zie[N] Wi, 6(z,,5.)) < Np-

For any i € Z, let 7 = arg 5}\1[11% )]Dx(z,’:z?i) be again the projection of Z; onto N, (x). Moreover, for
xrc ~(Zo
any ¢ € Iy, let (x},y}) be a point on (X x V)\(N,(zg) x ). Using a continuity and greedy argument, we can

choose (z4,y;) sufficiently close to (Z},%;) so that it suffices to consider the conditional distribution 7; of the

sup

form
pidz, (dz)pg(dy) + (1 — pi)dar 4 (dz x dy)  if i € Iy,

mi(de x dy) = { :

. (17)
pidz; (dz)pp(dy) + (1 = pi)d(a, g, (de x dy)  if i € Iy,
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for a parameter p; € [0,1] and a conditional measure uf € M(Y). Intuitively, p; represents the portion of the
sample point (Z;,7;) that is transported to the fiber N, (zo) x Y, and ) is the conditional distribution of YV’
given X € N, (z) that is obtained by transporting the sample point (Z;,y;). Using this representation, we
can rewrite Q(X € N, (z¢)) = N~} >_ie(n) Pi- By exploiting the definition of d;, the worst-case conditional
expected loss can be re-expressed as
sup Eg[l(Y, ar, B)| X € N,y (20)]
QEB,, QX EN, (x0)) 2
Zie[N] piEpg (Y, a,B)]
Zie[jy] bi
_ ) s.it. p€[0,1], py e M(Y) Vie[N ]
D (0B [Dy(Y, 5] + (1= pi)di) + Y (0B, [Dy(Y, )] + pidi) < Np

1€1 1€y
Zie[ Di 2 N5~

For any p = (p;)i=1...~ € [0,1]" such that Z N Di = Ne, define the function

sup

sup sup > B lpil(Y, o, 8)]

1o B, [PiDy (Y.0i)]<ai Yi ;e[
s.t. qe€ Rf

Yier, (@ + (1 =pi)di) + 37, (g +pidi) < Np.
Using the general Charnes-Cooper variable transformation

Pi . 1
Vi == - <=
2ie(N) Pi 2ie[N) Pi

the equivalent characterization [57, Lemma 1] implies that

flp) £

sup Eg[((Y, o, B)|X € N, (z0)] = sup _f)
QB QRN (r)ze PE[ON .3 ny Pi e ZzE[N
sup  tf(v/1)
v,t
= s.t. ve [()7 1]N’ teR (18)

vi <t Vi€ [N, Ve vi=1
N-1<t<(Ne)™!t

where the fact that ¢ > N~! is implied by v; < t and ZiE[N] v; = 1 yet makes explicit the fact that ¢ > 0.

For any feasible value of v and t, its corresponding objective value can be evaluated as

sup sup Z E,; [V (Y, «, B)]
.U‘S:EM’(L') [UiDy(Ya'gi)]SQit Vi iG[N]
tfw/t) = s.t. q¢€ Rf
EieIl (Qi + (1 - %)dz) + ZiEIz (Qi + %dz) < Np
sup sup Z E,; [vit(Y, o, B)]
. ITE B, [Uny(Yvyl)]<q1t Vi i€[N]
") s.t. g€ RN
Ziell (git + (t —vi)di) + X iz, (it + vid;) < Npt
sup sup Z B, [vil(Y, o, B)]
B 1o By [viDy (Y.5:)]<0i Vi 1)
) s.t. A€ Rf
>ier, (i + (t —vi)di) + >z, (05 +vidi) < Nopt,
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where the last equality follows from the change of variable 6; + ¢;t. The inner supremum problems over
are separable, and can be written using standard conic duality results [I2, Theorem 1] as

_ sup Z E,:[vil(Y,, )] = inf Z 0:\i + v; bup {(yi, 0, B) — \iDy (yi, 5i) }-
[L%]:Eué [’Ul]Dy(Y,gl)]S07 Vi zE[N} lE[N] Yi €

Thus we find for any feasible (v, t)

sup inf Z 0:Xi + v; sup {L(y;, ., B) — A\iDy(yi, Ui)}
AERY yi€Y

i€[N
tf(v/t) = s. t. 9€R§[]

Yier, Oi + (t —vi)di) + 327, (0 + vid;) < Npt,

inf — sup 3oy Oidi + vi sup {€(yi; a, B) — XDy (yi, Ui)}
AERY i€y

- s.t. f¢€ Rf (19)
Yier, Oi + (t —vi)di) + 37, (0i +vid;) < Npt

where the second equality holds thanks to Sion’s minimax theorem because the feasible set for 8 is compact,
and the function

(0, A) = > X +vi sup {L(yi, a, B) — ADy (i, i)}
i€[N] Yi€Y

is convex in A, affine in 6 and jointly continuous in both 6 and A. Let Q(v,t) be the feasible set for the
variable 6 of the form

Q(U,t):{GERf:Z(O—i—t—UZ +Z i +vid;) <Npt}

i€T i€y
By rejoining , and definition of Q(v,t) above, we have

sup Eg[l(Y, o, B)| X € Ny (x0)]
Q€EB,,Q(XEN, (z0))>e

= sup inf sup Z O: )i + v; sup {L(y;, @) — \iDy(yi, 7i) },
(v, ) €T AERY 9 Q(v,1) i€[N] yi €Y

where the feasible set T of (v,t) in the above problem is understood to be the feasible set of , that is,

T2 (0,t) €0, 1N xR:v; <t Vie[N], d wi=1, N'<t<(Ne)™
i€[N]

Since Y is compact, Sion’s minimax theorem [60] applies and we obtain

sup Eq[l(Y, o, B)| X € N, ()]
Q€B,, QX EN, (z0))>e

= inf sup sup Z 0;\i +v; sup {€(yi, o, B) — A\iDy (i, Us) }
AERY (v H)eT 0€Q(v,t) i€[N] yi€Y

= inf sup sup 0 \; + v; inf Si
AERY (v,t)eT 6€9Q(u,t) iez[l:\f] o "sieSi(aB )

Su Sup 0 )\ +U’L$1 20
AGRNses (aﬁ/\)w(vt)eTQEQUt gf .

where S;(a, B, i) 2 {s € R : 5 > {(y;,a, B) — \iDy(vs,7i) Yy; € Y}, and where we exploited the fact that
the supremum over y; € Y is not affected by the choice of v, ¢, and 0, and that each v; > 0 to get rid of the
apparent bilinearity in v; and y;. Given that the inner two layers of supremum represent a linear program,
linear programming duality can be applied to obtain:
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inf ¢+ (Ne)~lvt — N~1v~
s.t. vPeERy, v ERy, 9ER, peRy, P eRY

¢p—dip+1;—s5;>0 Vi ey (21)
¢p+dip+p;—52>0 Vi € 1y

V+_V7+(Ziel'1 di—NP)SD—Zie[N] 1/11 >0

=X =20 Vi € [N].

One can confirm that strong linear programming duality necessarily applied given that p > pmin (0,7, €)
implies the existence of a feasible Q € B, such that Q(X € N, (zg)) > e. This probability measure can be
used to create a feasible triplet (v, t,0) for the supremum problem:

t21/(NQ(X € Ny (z0))), v 2 mi(X € Ny(20))/(NQ(X € N (x0))), 620,

with {7;}ie[n] as the set of probability measures that certify that Q € B,. Rejoining the infimum operation
in in completes the proof. O

Under the condition of Theorem the portfolio allocation problem with side information is equiv-
alent to the following finite-dimensional optimization problem
min ¢+ (Ne)~lvt — N~ty~
s.t. a€A BeB AeRY, seRYN, vTeRy, v Ry, 9ER, pe Ry, p eRY

¢—dip+1p; —52>0 Vi eI,
¢+dlgﬁ+1/11—8120 Vi € Iy (22)
v =17 4+ (Xier, & — Np)p — Zie[N] P; >0
©0—X >0 Vi € [N]
54 > sug)/ {g(y%avﬁ) - /\ZDJJ(%’@)} Vi € [N]

Yi€

The last constraint of problem is a semi-infinite constraint which can be reformulated into a set of
semi-definite constraints under specific situations. These results are highlighted in Proposition and

Proposition 4.5 (Mean-variance loss function). Suppose that ¢ is the mean-variance loss function of the
form (), v € Ry, € € (0,1] and p > pmin(z0,7,€). Suppose in addition that Y = R™ and Dy(y,y) =
lly—79ll3. The distributionally robust portfolio allocation model with side information 1s equivalent to the
semi-definite optimization problem

min ¢+ (Ne)~ vt — N~y
s.t. a€A, BeB, AeRY, seRN, teRy, A, €ST Vie[N]
vt eRy, v €ERy, R, pe Ry, peRY

¢ —dip+1p; — 5, >0 Vi €1y
¢+dip+p; —52>0 Vi € I,

vE =T+ (e, di — Np)p — D %i =0
=izl Vi € [N]

Al —Ai « Ai (B+mn/2)a — \iyi )
) ~ . =0 Viel|N
o7 1O |Ben2aT —agT s+ alglz—t |20 TEW
t B
.
3 11—0’

where the parameters d; are defined as in .

Proof of Proposition[{.5 For each i € [N], by the definition of the loss function ¢ in () and by the choice of
the transport cost Dy, the constraint

sup Z(yi,CY,ﬂ) - AZDy(y'u:/l/\z) S S;
Yyi €Y
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is equivalent to
i (o’ = NIy + (2\3: — (28 +77)04)Tyi + 82 = AillTill3 — s <0 Vyi €.
This constraint can be further linearized in o and 3 using the fact that it is equivalent to:
JA; e ST teRy, Ay = aom = NI, t> B2yl Ay + (2)\2@- — (25+n)a)—ryi+t—)\i||§i||§ -5, <0 Vy, €.
Because ) = R™, the set of constraints indexed by y; can be further written as the semi-definite constraint

A; (B+mn/2)a — Ay “ 0
(B+n/2)a’ =Nyl s+ MwlE -t |

while using Schur complement, we also obtain two additional linear matrix inequalities to capture the two

t p
o[t 9o

This completes the proof. O

other constraints on A; and ¢:

T

)\iI—AZ‘ «
« 1

Proposition 4.6 (Mean-CVaR loss function). Suppose that £ is the mean-CVaR loss function of the form @,
yER;y, e€(0,1] and p > pmin(To,7,€). Suppose in addition that Y = R™ and Dy(y,7) = ||y — 9l|3. The
distributionally robust portfolio allocation model with side information 18 equivalent to the semi-definite
optimization problem
min ¢+ (Ne)"lvt — N~1y™
s.t. a€A, BeB, AeRY, seRY
vt eRy, v €ERy, ¢ER, peRy, peRY

¢—dip+1p;—5;>0 VieT,
p+dip+1p;—s5;>0 Vi € I,
7/+ — v+ (Zi€I1 dl — NP)SD — Z’LG[N] ’l/)l 2 0
e—X >0 Vi € [N]
Nl T — N il 7 o — \iTi
A R CR ) L 27 i =0 Vie [N,
10T - AgT sﬁ&ﬂyﬂ@—ﬁ] lf;scf AT s MR- (- 178 N

where the parameters d; are defined as in .

Proof of Proposition[{.6 Notice that ¢ is a pointwise maximum of two linear functions of y;. In this case,
the epigraphical formulation of the constraint

sup {e(ylvavﬁ) - )‘Z]D)y(y'wgl)} S S;
yi €Y
is equivalent to the following set of two semi-infinite constraint
—ny a4+ B = Nillys — Gill3 < s Yy, € R™
—(+ Dyl a+ 1= 2B = Xilly: — Gill3 < i Vyi € R™

The proof now follows from the same line of argument as the proof of Proposition 4.5 g

Both Proposition [£.5 and [4.6] leverage the fact that Y = R™ in order to reformulate the problem using
semi-definite constraint. In case that ) is an ellipsoid of the form Y = {y € R™ : 4y TQy+2¢ " y+qo < 0}, then
the S-lemma [52] can also be applied to devise a similar semi-definite optimization problem. These details
are omitted.

Despite having a fractional objective function, the results in this section assert that distributionally robust
portfolio allocation with side information problem can be solved efficiently using convex conic programming
solvers. This is in stark contrast with existing results in distributionally robust fractional programming where
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only nonconvex reformulations are available, and the optimal solution is obtained by solving a sequence of
convex optimization problems after bisection [33] [64].

5. NUMERICAL EXPERIMENT

In this section, we compare the empirical performance of our proposed conditional portfolio allocation
model against several benchmark models. To this end, we conduct the numerical experiment using real
historical data collected from (i) the US stock market, and (ii) the Chinese stock market. This choice of
markets will help demonstrate the efficacy of our method when it is deployed on both a developed (US) and
an emerging (Chinese) market.

We now formally describe how we model the return and the side information in the experiment.

Return: We use the historical S&P 500 constituents datal for US market and the China A-shares datall for
the Chinese market in 2010-2016. To ensure that there is enough historical data to get a reliable comparison
among different optimization models, we only consider the stocks listed on the market before 2010. We use
the 1-day stock percentage return as our response variable Y. The sampling frequency of all the data is 1
sample per day.

Side information: We use the Fama-French three-factor model [25] to construct the covariate X =
(X1, X2, X3) € R3. The first covariate X; is the market return (Rm-Rf) factor, X5 is the “small minus big”
(SMB) factor and X3 is the “high minus low” (HML) factor. Each factor is defined as the most recently
observed return of an associated portfolio:

e Rm-Rf factor: the portfolio weight on each stock is proportional to its market capitalization (MC);

e SMB factor: longs the stocks with MC in the lowest 50% quantile and shorts the stocks with MC in
the highest 50% quantile;

e HML factor: longs the stocks with P/E ratio in the highest 30% quantile and shorts the stocks with
P/E ratio in the lowest 30% quantile.

For the US stock market, we download the factor data from the data library of Kenneth French’s homepageﬂ
For the Chinese market, we use raw data including price earning ratio (P/E ratio) and market capitalization
to compute the covariate X.

Models: We first determine the feasible region of the portfolio optimization problem. If a stock in the
sampled stock pool is not tradable at day ¢, then we set its weight to be zero. In addition, as the Chinese stock
market has strong regulations on short selling, we enforce the investment weight vector a to be non-negative.
To summarize, we set the feasible region of the stock weight to be a subset of the the non-negative simplex

A= acR| Z a; =1, a; =0 if stock j is not tradable
i€[m]

We will compare the performance of the following six portfolio allocation models:

(i) the Equal Weighted model (EW): in this case, the portfolio allocation is given by the minimizer of
the optimization problem
i . EW
min a2 (EW)

If all stocks are tradable, then the EW allocation coincides with the 1/m-portfolio, which is renowned
for its robustness [2I]. This portfolio is parameter-free, and was previously shown to be the limit of
distributionally robust portfolio allocations as the ambiguity size increases [50].

3The daily sampled S&P 500 data is downloaded from the Wharton Research Data Services: https://wrds-www.wharton.upenn.
edu.

“China A-shares are the stock shares of mainland China-based companies that trade on the two major Chinese stock exchanges,
the Shanghai Stock Exchange (SSE) and the Shenzhen Stock Exchange (SZSE). The Chinese stock market data is downloaded
using https://github.com/waditu/tushare.

5Available for download from http://mba.tuck.dartmouth.edu/pages/faculty/ken.french/data_library.
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(ii) the unconditional Mean Variance model (MV) [43]: the portfolio allocation solves the following opti-
mization problem

aegl,irﬁle]R Es[l(Y, o, B)] (MV)

with the loss function ¢ prescribed in , and the distribution P is the empirical distribution supported
on the available return data.

(iii) the Distributionally Robust unconditional Mean Variance model (DRMV): the portfolio allocation
solves

min \/aTVariance@(Y)a — - EBa[Y] + /(1 + n2)pllell2. (DRMV)

acA
The above optimization problem is the reformulation of the distributionally robust mean variance
portfolio allocation with a Wasserstein ambiguity set on the distributions of the asset returns Y [10].
The tuning parameter for this method is p € {0.1,0.2,0.5}.
(iv) the Conditional Mean Variance model (CMV) with the loss function ¢ prescribed in (f]), and the
allocation is the solution of

Lmin_ Bg[K(Y.a, 8)|X € AV (ao)] (CMV)

The parameter «y is set to the a-quantile of the empirical distribution of the distance between xy and
the the training covariate Vectorsﬂ where the quantile value is in the range a € {10%,20%, 50%}.
Notice that by the choice of «, the empirical distribution satisfies ]IAD(X € Ny(z9)) > 0 and the
conditional expectation is well-defined.
(v) the Distributionally Robust Conditional Mean-Variance model (DRCMV) with type-oo Wasserstein
ambiguity set [48], in which the portfolio allocation solves
min sup Eg[l(Y, v, B)| X € N, ()] (DRCMYV)
a€A, BER QeBse (X EN, (20))>0
The parameter v is set to the a-quantile of the empirical distribution of the distance between xg
and the training covariate vectors, where the quantile value is in the range {10%,20%,50%}. The
radius p is set to the b-quantile of the empirical distribution of the distance between zy and the
training covariate vectors, where the quantile value is in the range b € {5%,10%,25%}. Using the
result from [48] Proposition 2.5], this model can be reformulated as a second-order cone program (see
Appendix for definition of B;® and detailed derivation of reformulation).
(vi) the Optimal Transport based (distributionally robust) Conditional Mean-Variance model (OTCMYV)
where the portfolio allocation is the solution to problem with the mean-variance loss function
Lo QEJBp,QS(l)l(p:xO)zs Eg[¢(Y,a, 8)| X = xo]. (OTCMV)
The tuning parameters for this model includes the probability bound ¢ € {0.1,0.2,0.5} and the
radius p = a X pmin, where a € {1.1,1.2,1.5} and pp, denotes the minimum distance between the
training covariate (7;).; and xo. This model is equivalent to a second-order cone program thanks
to Proposition |3.3

Notice that the feasible set B is set to R in all methods. The ground metrics are chosen with Dy (z,Z) =
|z —7||3 and Dy (y,7) = ||y —7]/3- All models can be solved using the MOSEK quadratic program solver [45]E|

Experiments: We carry out 256 independent replications to ensure that the performance comparison is
statistically significant. In each replication, we randomly sample m = 20 stocks from the data set to be used
as a stock pool. The training procedure is carried out as follows. At each trading day t, we apply different
portfolio optimization models to construct portfolio of the stock pool, using the historical observation of (X,Y")
in the past 2-year window to form the nominal distribution P (more precisely, we use 252 x 2 observations
precedent to t). Moreover, the covariate z( is chosen as the observation of X at time ¢. To obtain the

SMore precisely, this is the empirical distribution supported on A; = Dy (Z;,20) fori=1,...,N.
"The codes are available at http://github.com/AndyZhang92/DR-Conditional-Port-0pt.
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FIGURE 2. Barplots of annualized Sharpe ratios in (A) US market and (B) Chinese market.

validation score, we compute the return for each time ¢ in the period between January 1, 2012 and December
31, 2013, and then calculate the realized Sharpe ratio as the validation score. We first tune the parameter
1 of the loss function ¢ by tuning the MV model with 7 € [1071,2-10'] with 7 equidistant points
in the logscale to maximize the validation score of the MV model. This selected 7 is reused in all models:
MV, DRMV, CMV, DRCMV and OTCMYV. Subsequently, we tune the corresponding parameters for DRMV,
CMV, DRCMV and OTCMYV by selecting the hyper-parameters that maximize the validation score.

Test Results: To obtain the out-of-sample performance, we deploy the tuned model in a rolling horizon
scheme on the testing data from January 1, 2014 to December 31, 2016. We report the experimental results of
different models using Sharpe ratios of the realized returns, which are usually used to compare the performance
of different trading strategies. For each sampled experiment and a given portfolio optimization model, we
denote the daily percentage return of the model by r; for ¢ € [T], where T is the total number of trading days
in the test period. The annualized Sharpe ratio is computed using the following formula:

annualized Sharpe ratio 2 v/252 x (H@({ri}iqﬂ) / s/ta({m}iem)) :

where mean and std denote the empirical mean and standard deviation estimator, respectively. Thus, for
each model we compute 256 annualized Sharpe ratios obtained from 256 independent experiments.

In Figure [2| we present the bar charts of the annualized Sharpe ratios for both the US and the Chinese
market. The average annualized Sharpe ratios across 256 experiments are represented by the height of the
bar, with error bars depicting the standard errors. From Figure [2] we can remark that OTCMV achieves
the best Sharpe ratio performance in both markets. To test whether the mean annualized Sharpe ratio of
OTCMYV is larger than another model, we conduct the two-sample one-sided t-test with the hypotheses:

Hupun : Sharpe ratio of OTCMV is smaller, H.ai : Sharpe ratio of OTCMYV is bigger.

The p-values for the tests are reported in Table [I] If we choose a significance level of 0.05, then the null
hypothesis is rejected in the US market for all competing approaches. In the Chinese market, the only null
hypothesis that the test fails to reject is the comparison between OTCMV and DRMV (middle column).

In order to demonstrate that our proposed method is capable of producing robust portfolio returns, the
bottom 5%-quantile of the daily realized returns {r;};c|7] is also reported in Figure |3 As we are viewing
the bottom 5% return, the barplots fall on the negative side. In both the Chinese and US markets, the 5%
-quantile of OTCMV’s daily returns is remarkably higher than its counterparts, closely followed by MV and
the other two distributionally robust methods DRMV and DRCMV.
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Model | EW /| MV| DRMV | CMV | DRCMV
US Market ‘ < 0.001 ‘ 0.037 ‘ < 0.001 ‘ < 0.001 ‘ < 0.001

Chinese Market | < 0.001 | 0.044 0.397 0.021 0.045

TABLE 1. p-values of two sample t-test of whether the mean Sharpe ratio of OTCMYV is
larger than the competing approaches.
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FIGURE 3. Barplots of 5%-quantile of daily return in (A) US market and (B) Chinese market.
The 5%-quantile for model EW in the Chinese market is significantly lower than other models,
thus we only report its value in (B).
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APPENDIX A. SUPPLEMENTARY MATERIAL
A.1. Minimax result
The following results are needed to justify Lemmas [2.2] and 23]

Lemma A.1 (Interchange). Suppose that Y and B are compact and that £ is continuous in'Y and convex in
8. Then we have

sup inf Eg[l(Y,a,B)|X € Ny(x)] = inf sup Egll(Y, o, 8)| X € N, (o).
QEB, QX €N (20)) 2 PEB PEB QeB,, (X EN (w0)) 2¢

The proof of Lemma [AT] follows from the convexity of the conditional ambiguity set. To this end, define
the following ambiguity set

a ~ 3Q € B, such that QN (zg) x V) > ¢
Bzo,’y,s(Bp) = {Mzo S M(y) : Q(N»y(;)?o) 9 A) _ ﬂwo(l’i)Q(Ny(l‘O) « y) VA C Y measurable } .

Lemma A.2 (Convexity of By, c~(B,)). If B, is convex, then the conditional ambiguity set By, ~.(B,) is
also conve.
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Proof of Lemma[A-3 Let ul, p$ € Bygy,,-(B,) be two arbitrary probability measures supported on ). Asso-
ciated with each p, j € {0, 1}, is a corresponding joint measure Q7 € M(X x )) such that

J ,

Q/(N,(z0) x ¥) > ¢ and W = u)(A) VA CY measurable.
Select any A € (0,1). We now show that ) = Aud + (1 — A\)ud € Bygy.e(B,). Indeed, consider the joint
measure

Q* = 0! + (1 - 0)Q",

where 6 is defined as
_ AQY (N, (wo) x V)
— QYN (o) X V) + (1 = N)QUN, (20) x D)
By definition, we have Q*(N,(z¢) x V) > ¢, and by the convexity of B,, we have Q* € B,. Moreover, for any
set A C ) measurable, we find

QW (w0) X A) _ 0QH (N, (o) x 4) + (1= O)Q° (N, (wo) x A)
QNN (o) x V) HQN (N5 (o) X V) + (1 = 0)QO (N5 (o) X V)
_ AQOWN5 (o) x Y)Q' (N, (o) x A) + (1 — N)QH (N5 (wo) x Y)QU (N, (o) x A)
QN5 (o) x Y)QH (N5 (o) x V)
_ AQUN, (o) x 4) (1= MQON5 (o) X 4)
Q! (N5 (o) x V) QO(N5 (o) x V)
= Ag(A) + (1= N pp(A),
where the second equality holds thanks to the definition of #. This line of argument implies that u) €
By ,y,c(B,), and further asserts the convexity of By, ~.-(B,). O

0 € [0,1].

We are now ready to prove Lemma

Proof of Lemma[A-]l By rewriting the conditional expectation using the conditional measure pg, we have for
any value of «

sup inf Eq[l(Y, o, )| X € Ny(zo)] = sup inf B, (Y, B)].
QEB, QX EN- (o)) 2 PEB 10€Bug e (By) PEB
The set By, y,e(B,) is convex by Lemma Moreover, because ¢ is continuous in Y, the mapping pg —
E,, [¢(Y, o, B)] is upper semicontinuous in the weak topology thanks to the compactness of Y. Finally, B is
compact and £ is convex in 3. The interchangeability of the supremum and the infimum operators is now a
consequence of the Sion’s minimax theorem [60]. O

Proof of Lemma[2.3 Tt is well-known that
Varianceg[Y " a|X € N, (x0)] = Iglelﬂlg Eo[(Y a — B)?|X € N, (x0)]

for any probability measure Q € M(X x )), where the optimal 3 is the conditional mean of YT« given
X € N,(zo) under Q. When A and Y are compact, the random variable Y "o has bounded mean for any
Q € B,. More precisely, we have

Eg[Y "a|X € N, (z0)] € B,
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where B is defined as in the statement of the lemma. Therefore, it is without any loss of optimality to restrict
B € B. We thus find

min sup Varianceg[Y " a|X € N, (20)] — n-EglY " a|X € N, (20)]
2€A QEB, Q(XEN, (20))2e
=min sup min Eg[l(Y,a, 8)|X € N, (z0)]
€A QeB,, Q(XEN, (z0))>e PER ¢ !
= min sup min Eg[l(Y, «, 8)|X € N, (x0)]
€A QeB,, Q(XEN, (z0))>c PEB ¢ !
=min min sup Eg[l(Y, o, B)|X € N, ()],

acA BEB QeB, Q(XEN, (z0))>e

where the last equality follows from Lemma [A7T] This completes the proof. O

Proof of Lemma[2.3. Tt is well-known that
. . 1
CVaRé) [YTalX € N, (z0)] = min Eg[8 + ;(—YTa — B)T|X € Ny (z0)]

for any probability measure Q € M(X x )), where the optimal 3 is the conditional (1 — 7)-quantile of Y T«
given X € N, (zg) under Q. When A and ) are compact, the random variable Y T« has uniformly bounded
support B for any Q € B, and « € A, where B is defined as in the statement of the lemma. Therefore, it is
without any loss of optimality to restrict 5 € B. The rest of the proof follows the same argument in the proof
of Lemma 2.2 O

A.2. Auxiliary Results

The results in this section is used in the proofs of Section [3| For any N € N, given some ¢ € RY, d € Rf
and € € (0, 1), consider the following two optimization problems

Z,; Vi C;

sup NS o

s.t. velo, 1)V (23a)
Zvi >eN, Zvidi <p

and

sup L:l UiCi
NZZ- Ui

s.t. vel0, 1V (23b)
Zvi = €N, szdl S P

where the summations are taken over ¢ € [N]. Notice that the summation constraint of v; in (23a)) is an
inequality constraint, while in (23b)) it is an equality constraint. The next result asserts that the inequality
in (23a) can be strengthened to an equality as in (23b]) without any loss of optimality.

Lemma A.3. The optimal values of problems (23a) and (23b) are equal.

Proof of Lemma[A.3 Let © € [0,1]¥ be such that > ,0; > eN and >, 9;d; < p. One can construct v/ =
(eN/ >, 0;)0 which satisfies o' € [0,1]V, 3, vf = eN, and >, vid; < p since d > 0. Furthermore, it reaches
the same objective value

1 1 N ) )
mzv;q T eN? Z ZEL @iUiCi - N>, v Zvicm

i

which finishes the proof. a
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Proposition A.4 (Equivalent representation). Given e € (0,1] and p > pmin(x0,0,¢), then for any feasible
solution (v, B), we have

sup Z UE,: [0, a, B)]
1E€[N]
s.t. velo, 1V, ,uo e M(Y) Vi € [N]
sup Eg[l(Y,a, B)| X = z0] = Z v; =
Q€B,,Q(X=z0)>¢ ie[N]
Z (% (DX(J"O7ZEZ) + E [Dy(Y yz)]) < Np.
1€[N]

Proof of Proposition[A.]] By exploiting the definition of the optimal transport cost and the fact that any
joint probability measure 7 € II(Q,P) can be written as m = N1 Zie[N] i @ d(z,,5,), where each m; is a
probability measure on X x ), we have

sup Eg[l(Y,«, B)|X = xo]
s.t. meMXxY) Vie[N]
su Eoll(Y, a, B)| X = xo| =
QGBP,Q(Xp:zo)Ze Q[ ( /6)| 0] ZiE[N] Wi({iﬂo} « y) > Ne
Q=N"! ZiE[N] i Zie[N] W(Wﬁé(ﬁﬂi)) < Np

sup sup Eg[l(Y,«,B)|X = zo]
veU

_ st me M@ xY) Vi € [N]
m({mo} X y) = v; Vi € [N]
Q:N_l Zie[N] T, Zie[N]W(Wi76(§i7§i)) < Np,

where the set U is defined as

UELvel01]V: ) v >Ne
i1€[N]
Define the following two functions g,h: A — R as

sup ’Ul Z / y, o, B)mi({xo} x dy)
ze[N 1€[N]
gv) 2 s.t. meMAXxY) Vi € [N] (24)
m({xo}xy):m Vi € [N]
> W(mi,d@,59) < Np
S
and
sup (Z vy) 7t Z vl [(Y, o, B)]
i€[N] i€[N]
h(v) £ s.t. € M(y) Vi € [N] (25)
Z Ui, [Dx (2o, i) + Dy (Y, 4:)] < Np.
1€E[N]

We can show that sup,, ¢, 9(v) = sup, ¢y h(v). First, to show sup,c, g(v) < sup, ¢y h(v), we fix an arbitrary
value v € U. For any {m;};c(n) that is feasible for (24)), define zfy € M(Y) such that

viph (S) = mi({zo} x S) VS C Y measurable Vi € [N].
One can verify that {4 };c(n] is a feasible solution to (25, notably because

> 0B Da(ro,2:) +Dy(YV,5)] < Y Br, [Da(X,2) + Dy(V.5:)] = Y, W(mi, 0, 5,)) < Np,
i€[N] i€[N] i€[N]
where the first inequality follows from the non-negativity of D(-,Z) and D(-,y), and the second inequality
is from the feasibility of {7;}c[n in . Moreover, the optimal value of {m;};c;n7 in and the optimal
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/L' . . .
value of {uf}iciny in (25)) coincide because

[t pymGan} < ay) = vi [ U Byub(dn) = vV ,8)] i€ [N,
y y
This implies that g(v) < h(v) for any v € U, and thus we have

sup g(v) < sup h(v). (26)
veUu veU

Next, we will establish the reverse direction of the inequality in . To this end, consider any {ug}ie[N]
that is feasible for , we will construct explicitly a sequence of probability families {7« }icin]ken that is
feasible for and attains the same objective value in the limit as k — oo.

In doing so, we start by supposing that ;. ny vilE,; [Dx (2o, Z:) + Dy (Y, 3;)] < Np. Let us define the
measures {7; };c[n] as

i = i0go @ p1y + (1 — 03)0(2: 1)
for some x; € X \ {Z;} that satisfy
Z (1 —vi)Dx(zi, 7)) < Np — Z Ui (DX(UUO,@) + B [Dy (Y, ?J\z)])
i€[N] i€[N]
Notice that under the condition of this case, the right-hand side is strictly positive, and the existence of such

x;’s is guaranteed thanks to the continuity of Dy and the fact that Dy (z,Z) = 0. It is now easy to verify
that {m;}epny is feasible for , and moreover, the objective value of {m;};cn] in amounts to

(> w0ty /y Uy, Bmil{ao} x dy) = (Y v) ™ Y [wiB Y., 8)]].
i€[N]

i€[N] i€[N] i€[N]

The case where 3,y UiE,; [Dx(20,2;) + Dy(Y,%;)] = Np is more complex. In particular, we start by

focusing on the situation where there exists some 4 for which vz # 0 and pé # ;.. Here, we can construct a
sequence of measure {7; 1 }ic[n],ken a8

Tik = (Ui - ’yk)(s‘”o ® u(i) + 77“5(9507@‘) + (1 - Ui)é(mz‘,kﬂi) if 4 :/7’.\’
" Vil @ iy + (1 = 0:)0(a, 50 otherwise,
for some vy, € [0,v;], limg o0 v = 0, and some x;, € X'\ {Z;}

k— ~
Ti,k —Oo> iz Vk.

Furthermore, let the sequences 7, and z; j satisfy for any k € N
> (= v D (i, &) < W,z Dy (Y, 47)]-
1E€[N]
Notice that under the condition of this case, the right-hand side is strictly positive, and the existence of the

sequence (z; x, V) is again guaranteed thanks to the continuity of Dy and the fact that Dy (Z,z) = 0. It is
now easy to verify that for any k, {m; x};c[n is feasible for (24)):
Y Wik, 6@.g0) = Y vilDa(0, @) + By Dy (Y, 5)]) + (1 — 0i) D (@i, 1) — ;3 Dy (Y, 75)]
i€[N] i€[N]
< > viDa(wo, i) + Epy [Dy(Y,5)]) < Np.
i€[N]

Moreover, the objective value of {m; 1 }icn] in amounts to

(> o)™ D v Y, a, B)] + (LG, o, B) —E,[(Y, o, B))) B (30 S wiB (Y B)],

i€E[N] i€[N] i€[N] i€[N]

where the limit holds because limy_, o % = 0.
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In the final case, we have pu$ = d3, for all i € [N] and > ic(n) Viti = Np. Since we have assumed that

P > Pmin(Z0,0,€), it must be that there exists an i for which v; > 0 and Z; # xo. Indeed, otherwise we
would have that Np = Zie[N] vik; = 0 < Npmin(20,0, ) which is a contradiction. Now let us one final time
construct a sequence of measures

('U' - ’yk)(s(Io,@\i) + (1 —v; + ’}/k)é(g“@) if ¢ :/i\7
Tik = § Vil(ao,5:) + (1 — )0z, 5, if 7, # @0
Vib(zo,5:) + (1 = 0i)0(z; , 51) otherwise,
for some 7 € (0, v;) and some x;, € X' \ {2}, such that z; koo, %:, and that
WD (20, 35) > Y (1 —v;)Da(wo, i k) -
9T, =T

Indeed, it is easy to verify that {m;1};c[n] is always feasible for , and moreover, the objective value of
{miktien) in amounts to

(Z U’L’)il Z (y’ta 35) 'Wi‘g(g'{vaaﬁ)

1€[N] €[N
k—oo _
=5 (Y v) DY uil(@a,B) = () v sz [0, 0, )],
1€[N] 1€E[N] 1€E[N]

where the limit holds because limy_, o, yx — O.
Combining the three cases, we can establish that
sup g(v) > sup h(v),
veld veld
and by considering the above inequality along with , we can claim that
sup g(v) =sup h(v).
veld veld

One now can rewrite

- sup sup (Z v;) 7! Z GE,; [((Y, . B)]
o EM(Y) Vi i€[N] i€[N]
s.t. velo, 1N
sup h(v) = 27a
veU ( ) Z Uz DX I’(),IL'Z) + ]D)y(Y yl)] < Np ( )
1€[N]
Zie[N] v; > Ne.
sup sup v; B Y 047/6)]
wHEM(Y) Vi Zez[;v] Z
_ s.t. velo, 1N (27b)
> UilE,i [Da (0, Zi) + Dy (Y, 4:)] < Np
i€[N]
Zie[N] v; = Ne.
sup sup uE L [(Y, a, B)]
UE[071]N)EiE[N] vi=Ne ’LEX[J:V} Z
= s.t. uh € M(y) Vz € [N] (27¢)
Z UE,; [Da (0, Zi) + Dy (Y, %:)] < Np,
1€[N]

where equality (27al) and (27c) are by interchanging the order of the two supremum operators, equality (27b))
is from Lemma This completes the proof. O
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A.3. Portfolio Allocation with type-co Optimal Transport Cost Ambiguity Set

We first revisit the definition of the type-co optimal transport distance.

Definition A.5 (Type-co optimal transport cost). Let D be a nonnegative and continuous function on Zx E.
The type-oo optimal transport cost between two distributions Q1 and Qo supported on = is defined as

Weo (Q1,Q2) £ inf {GSSSUP {D(&1,&2) : (&1,6) €EXE} ime H(Qh@z)} .

The type-co ambiguity set can be formally defined as
—{QeMrx¥): WL(@P) < p}.

We now provide the reformulation for the mean-variance portfolio allocation problem. To this end, recall
that the parameters x are defined as in . In addition, define the following set

J £ {i € [N]: Dx(20,7;) < p+1},
and J is decomposed further into two disjoint subsets
T ={i €T :Dx(xo, ) +p <7} and Jo = J\Ji.

Proposition A.6 (Mean-variance loss function). Suppose that £ is the mean-variance loss function of the
form (), v € Ry. Suppose in addition that X = R", Yy = R™, Dx(x,7) = ||z — z[|, Dy(y,7) = lly — 73
and p > minge(n) ki. The distributionally robust portfolio allocation model with side information

min sup Eq[l(Y, a, B)|X € N (0)]
a€A, ﬁGRQeIBZO@(XENw(GCO))>O !

is equivalent to the second-order cone program

min A
s.t. a€A BER, NeR, y, ERVi€ Ty, u; ERL Vie To, te RN, zeRY
Diegui <0

2z
1—A —uz B - 1 ST A+ui+nf+ 3
Il i 2 ) VieJ.
Tozfﬂfosnw, g a+ B+ 50 <t
ti+ (p — D@}, 2:)) 22 < 2z

Proof of Proposition[A.¢. Using [48, Theorem 2.3], we have
min A
s.t. aceA BeER NeR, w; eRYie Ty, u; eRLVie T
Atu; > vf(e,B) VieJ
ZiEJ u; <0,
where for each i € 7, the value v} («, 8) is

vi (e, B) = sup {(yi, @, ) : yi € Y, Ny = Gill3 < p — D (3], 70) }

~p A~ 2 1
= (1570~ 8~ 3l + lalla(p ~ DL, 2)Y?) "~ — 3
Formulating each constraint A + u; > v}(«, ) using an epigraphical formulation of the form

i a—ﬁ—*nl < ti, ti+ alla(p — Da(@F,2))? < 2, v (. 8) 2 2} —nf -

and formulating them as linear or second-order cone constraints completes the proof. O
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