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Why contextual stochastic 
optimization?
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Decision Making with Contextual 
Information

- Revealed contextual information 
- Hidden random variables

i

<latexit sha1_base64="quCpJvEI3rZj6aSU3BXCKlmzKOU="></latexit>

j

<latexit sha1_base64="xLBAykwRR7VqMBTVpxLn/uHoiuc="></latexit>

<latexit sha1_base64="D89GKx+lJfg6SJ7lQDZ9Mjj7jW4="></latexit>

⇠ij

<latexit sha1_base64="RcxusZjcP6RK+FPiIk+mwJbbEkU="></latexit>

x 2 Rn

<latexit sha1_base64="qPyuoS7xkWHLY4ZilBHiAYTyaN4="></latexit>

⇠ 2 Rn
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Practical motivation
Example 1: 
Shortest path over Los Angeles downtown (Kallus & Mao, 2022)

Problem: find shortest path 
traversing Los Angeles downtown area 

from East to West

Travel times over all arcs are uncertain. We 
have relevant contextual information.
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Practical motivation
Example 1: 
Shortest path over Los Angeles downtown (Kallus & Mao, 2022)

Problem: find shortest path 
traversing Los Angeles downtown area 

from East to West

Green path is optimal

Blue path is optimal

Travel times over all arcs are uncertain. We 
have relevant contextual information.



What is contextual 
optimization?
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Problem Definition

Stochastic optimization
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Problem Definition

Stochastic optimization Conditional stochastic 
optimization (CSO)Context

Contextual information / covariate / features
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Problem Definition

Stochastic optimization Conditional stochastic 
optimization (CSO)Context

Contextual information / covariate / features

Connection between CSO and policy optimization:
<latexit sha1_base64="/m1F22rGReHQDikg6ICRo3L6yAo="></latexit>

⇡⇤ 2 argmin
⇡:X!Z

EP[c(⇡(x), ⇠)] , ⇡⇤(x) 2 argmin
z2Z

EP(⇠|x)[c(x, ⇠)] a.s.
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Problem Definition

Stochastic optimization Conditional stochastic 
optimization (CSO)Context

Contextual information / covariate / features

Connection between CSO and policy optimization:
<latexit sha1_base64="/m1F22rGReHQDikg6ICRo3L6yAo="></latexit>

⇡⇤ 2 argmin
⇡:X!Z

EP[c(⇡(x), ⇠)] , ⇡⇤(x) 2 argmin
z2Z

EP(⇠|x)[c(x, ⇠)] a.s.

<latexit sha1_base64="U25QFDV18SCX5pHKkwvSIzr5tfs="></latexit>| {z }
h(z,P(⇠|x))

Conditional expected cost
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Problem Definition

Stochastic optimization Conditional stochastic 
optimization (CSO)Context

Contextual information / covariate / features

Connection between CSO and policy optimization:
<latexit sha1_base64="/m1F22rGReHQDikg6ICRo3L6yAo="></latexit>

⇡⇤ 2 argmin
⇡:X!Z

EP[c(⇡(x), ⇠)] , ⇡⇤(x) 2 argmin
z2Z

EP(⇠|x)[c(x, ⇠)] a.s.
<latexit sha1_base64="C7SeWwiBFb3YDHbEnl92ebcYDbU="></latexit>| {z }

H(⇡,P)

<latexit sha1_base64="U25QFDV18SCX5pHKkwvSIzr5tfs="></latexit>| {z }
h(z,P(⇠|x))

Conditional expected cost

(Unconditional) expected cost
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Overview of the three frameworks

Decision rule/Policy
optimization <latexit sha1_base64="P8D69bWuLnVlU73Yf7AAmY0tSyg=">AAACEnicbVDLSsNAFJ34rPUVdekmWIR2UxLxtay4cVnBPqAJYTKZtEMnD2ZuxBIC/oEbf8WNC0XcunLn3zhpu6itBy73cM4d5t7jJZxJMM0fbWl5ZXVtvbRR3tza3tnV9/bbMk4FoS0S81h0PSwpZxFtAQNOu4mgOPQ47XjD68Lv3FMhWRzdwSihToj7EQsYwaAkV6/ZCXMz24u5L0ehapkNAwo4z6uz4kNec/WKWTfHMBaJNSUVNEXT1b9tPyZpSCMgHEvZs8wEnAwLYITTvGynkiaYDHGf9hSNcEilk41Pyo1jpfhGEAtVERhjdfZFhkNZ7KYmQwwDOe8V4n9eL4Xg0slYlKRAIzL5KEi5AbFR5GP4TFACfKQIJoKpXQ0ywAITUCmWVQjW/MmLpH1St87rZ7enlcbV4ySOEjpER6iKLHSBGugGNVELEfSEXtAbeteetVftQ/ucjC5p0wgP0B9oX7+BPZ+r</latexit>

⇡✓(x)
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Overview of the three frameworks

Decision rule/Policy
optimization

Sequential learning
and optimization <latexit sha1_base64="ZqjRCQMoJAVocVLzxBtAF5bbrUE=">AAACFHicbVDLSsNAFJ3UV62vqks3wSLUByURX8uKG5cV7APaGiaTiR06yYSZG7GGgL/gxl9x40IRty7c+TdOH4vaeuByD+fcYe49bsSZAsv6MTIzs3PzC9nF3NLyyupafn2jpkQsCa0SwYVsuFhRzkJaBQacNiJJceByWne7F32/fkelYiK8hl5E2wG+DZnPCAYtOfn9h5u9YssV3FO9QLfkPj3wnWRcaUGHAk7TXSdfsErWAOY0sUekgEaoOPnvlidIHNAQCMdKNW0rgnaCJTDCaZprxYpGmHTxLW1qGuKAqnYyOCo1d7Timb6QukIwB+r4iwQHqr+hngwwdNSk1xf/85ox+GfthIVRDDQkw4/8mJsgzH5CpsckJcB7mmAimd7VJB0sMQGdY06HYE+ePE1qhyX7pHR8dVQonz8O48iiLbSNishGp6iMLlEFVRFBT+gFvaF349l4NT6Mz+FoxhhFuIn+wPj6BWvyoB4=</latexit>

z⇤(x, f✓)

<latexit sha1_base64="P8D69bWuLnVlU73Yf7AAmY0tSyg=">AAACEnicbVDLSsNAFJ34rPUVdekmWIR2UxLxtay4cVnBPqAJYTKZtEMnD2ZuxBIC/oEbf8WNC0XcunLn3zhpu6itBy73cM4d5t7jJZxJMM0fbWl5ZXVtvbRR3tza3tnV9/bbMk4FoS0S81h0PSwpZxFtAQNOu4mgOPQ47XjD68Lv3FMhWRzdwSihToj7EQsYwaAkV6/ZCXMz24u5L0ehapkNAwo4z6uz4kNec/WKWTfHMBaJNSUVNEXT1b9tPyZpSCMgHEvZs8wEnAwLYITTvGynkiaYDHGf9hSNcEilk41Pyo1jpfhGEAtVERhjdfZFhkNZ7KYmQwwDOe8V4n9eL4Xg0slYlKRAIzL5KEi5AbFR5GP4TFACfKQIJoKpXQ0ywAITUCmWVQjW/MmLpH1St87rZ7enlcbV4ySOEjpER6iKLHSBGugGNVELEfSEXtAbeteetVftQ/ucjC5p0wgP0B9oX7+BPZ+r</latexit>

⇡✓(x)
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Overview of the three frameworks

Decision rule/Policy
optimization

Integrated learning
and optimization

Sequential learning
and optimization <latexit sha1_base64="ZqjRCQMoJAVocVLzxBtAF5bbrUE=">AAACFHicbVDLSsNAFJ3UV62vqks3wSLUByURX8uKG5cV7APaGiaTiR06yYSZG7GGgL/gxl9x40IRty7c+TdOH4vaeuByD+fcYe49bsSZAsv6MTIzs3PzC9nF3NLyyupafn2jpkQsCa0SwYVsuFhRzkJaBQacNiJJceByWne7F32/fkelYiK8hl5E2wG+DZnPCAYtOfn9h5u9YssV3FO9QLfkPj3wnWRcaUGHAk7TXSdfsErWAOY0sUekgEaoOPnvlidIHNAQCMdKNW0rgnaCJTDCaZprxYpGmHTxLW1qGuKAqnYyOCo1d7Timb6QukIwB+r4iwQHqr+hngwwdNSk1xf/85ox+GfthIVRDDQkw4/8mJsgzH5CpsckJcB7mmAimd7VJB0sMQGdY06HYE+ePE1qhyX7pHR8dVQonz8O48iiLbSNishGp6iMLlEFVRFBT+gFvaF349l4NT6Mz+FoxhhFuIn+wPj6BWvyoB4=</latexit>

z⇤(x, f✓)

<latexit sha1_base64="ZqjRCQMoJAVocVLzxBtAF5bbrUE=">AAACFHicbVDLSsNAFJ3UV62vqks3wSLUByURX8uKG5cV7APaGiaTiR06yYSZG7GGgL/gxl9x40IRty7c+TdOH4vaeuByD+fcYe49bsSZAsv6MTIzs3PzC9nF3NLyyupafn2jpkQsCa0SwYVsuFhRzkJaBQacNiJJceByWne7F32/fkelYiK8hl5E2wG+DZnPCAYtOfn9h5u9YssV3FO9QLfkPj3wnWRcaUGHAk7TXSdfsErWAOY0sUekgEaoOPnvlidIHNAQCMdKNW0rgnaCJTDCaZprxYpGmHTxLW1qGuKAqnYyOCo1d7Timb6QukIwB+r4iwQHqr+hngwwdNSk1xf/85ox+GfthIVRDDQkw4/8mJsgzH5CpsckJcB7mmAimd7VJB0sMQGdY06HYE+ePE1qhyX7pHR8dVQonz8O48iiLbSNishGp6iMLlEFVRFBT+gFvaF349l4NT6Mz+FoxhhFuIn+wPj6BWvyoB4=</latexit>

z⇤(x, f✓)

<latexit sha1_base64="P8D69bWuLnVlU73Yf7AAmY0tSyg=">AAACEnicbVDLSsNAFJ34rPUVdekmWIR2UxLxtay4cVnBPqAJYTKZtEMnD2ZuxBIC/oEbf8WNC0XcunLn3zhpu6itBy73cM4d5t7jJZxJMM0fbWl5ZXVtvbRR3tza3tnV9/bbMk4FoS0S81h0PSwpZxFtAQNOu4mgOPQ47XjD68Lv3FMhWRzdwSihToj7EQsYwaAkV6/ZCXMz24u5L0ehapkNAwo4z6uz4kNec/WKWTfHMBaJNSUVNEXT1b9tPyZpSCMgHEvZs8wEnAwLYITTvGynkiaYDHGf9hSNcEilk41Pyo1jpfhGEAtVERhjdfZFhkNZ7KYmQwwDOe8V4n9eL4Xg0slYlKRAIzL5KEi5AbFR5GP4TFACfKQIJoKpXQ0ywAITUCmWVQjW/MmLpH1St87rZ7enlcbV4ySOEjpER6iKLHSBGugGNVELEfSEXtAbeteetVftQ/ucjC5p0wgP0B9oX7+BPZ+r</latexit>

⇡✓(x)



Sequential learning and 
optimization
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Learning predictors

Optimize
Data

<latexit sha1_base64="2NlKz1pa5P4eERZ/kJK3Vg7A/8Y=">AAACHnicbVDLSsNAFJ34rPUVdekmWIQKUhKx6qZQ1IWrUsE+oEnDZDJth04ezEykJeRL3PgrblwoIrjSv3HSZlFbDwxzOOde7r3HCSnhQtd/lKXlldW19dxGfnNre2dX3dtv8iBiCDdQQAPWdiDHlPi4IYiguB0yDD2H4pYzvEn91iNmnAT+gxiH2PJg3yc9gqCQkq2Wb+1axYyLphNQl489+cWjpEtOZwVzRKR0YiZ2TCpG0q3ZakEv6RNoi8TISAFkqNvql+kGKPKwLxCFnHcMPRRWDJkgiOIkb0YchxANYR93JPWhh7kVT85LtGOpuFovYPL5Qpuosx0x9Hi6qaz0oBjweS8V//M6kehdWTHxw0hgH00H9SKqiUBLs9JcwjASdCwJRIzIXTU0gAwiIRPNyxCM+ZMXSfOsZFyUyvfnhep1FkcOHIIjUAQGuARVcAfqoAEQeAIv4A28K8/Kq/KhfE5Ll5Ss5wD8gfL9C3VXo1U=</latexit>

DN = {(xi, ⇠i)}Ni=1

Predict / Estimate
Minimize estimation error.
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Learning predictors

Optimize
Data

<latexit sha1_base64="2NlKz1pa5P4eERZ/kJK3Vg7A/8Y=">AAACHnicbVDLSsNAFJ34rPUVdekmWIQKUhKx6qZQ1IWrUsE+oEnDZDJth04ezEykJeRL3PgrblwoIrjSv3HSZlFbDwxzOOde7r3HCSnhQtd/lKXlldW19dxGfnNre2dX3dtv8iBiCDdQQAPWdiDHlPi4IYiguB0yDD2H4pYzvEn91iNmnAT+gxiH2PJg3yc9gqCQkq2Wb+1axYyLphNQl489+cWjpEtOZwVzRKR0YiZ2TCpG0q3ZakEv6RNoi8TISAFkqNvql+kGKPKwLxCFnHcMPRRWDJkgiOIkb0YchxANYR93JPWhh7kVT85LtGOpuFovYPL5Qpuosx0x9Hi6qaz0oBjweS8V//M6kehdWTHxw0hgH00H9SKqiUBLs9JcwjASdCwJRIzIXTU0gAwiIRPNyxCM+ZMXSfOsZFyUyvfnhep1FkcOHIIjUAQGuARVcAfqoAEQeAIv4A28K8/Kq/KhfE5Ll5Ss5wD8gfL9C3VXo1U=</latexit>

DN = {(xi, ⇠i)}Ni=1

Predict / Estimate
Minimize estimation error.

Non-linear cost function

Maximum Likelihood

 is a conditional density estimator𝑓𝜃

<latexit sha1_base64="WIWFp56zvd3T2R9g9JJIlt5tpaM="></latexit>

✓̂ = argmin
✓

1

N

NX

i=1

� log(Pf✓(xi)(⇠
i)) + ⌦(✓)
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Learning predictors

Optimize
Data

<latexit sha1_base64="2NlKz1pa5P4eERZ/kJK3Vg7A/8Y=">AAACHnicbVDLSsNAFJ34rPUVdekmWIQKUhKx6qZQ1IWrUsE+oEnDZDJth04ezEykJeRL3PgrblwoIrjSv3HSZlFbDwxzOOde7r3HCSnhQtd/lKXlldW19dxGfnNre2dX3dtv8iBiCDdQQAPWdiDHlPi4IYiguB0yDD2H4pYzvEn91iNmnAT+gxiH2PJg3yc9gqCQkq2Wb+1axYyLphNQl489+cWjpEtOZwVzRKR0YiZ2TCpG0q3ZakEv6RNoi8TISAFkqNvql+kGKPKwLxCFnHcMPRRWDJkgiOIkb0YchxANYR93JPWhh7kVT85LtGOpuFovYPL5Qpuosx0x9Hi6qaz0oBjweS8V//M6kehdWTHxw0hgH00H9SKqiUBLs9JcwjASdCwJRIzIXTU0gAwiIRPNyxCM+ZMXSfOsZFyUyvfnhep1FkcOHIIjUAQGuARVcAfqoAEQeAIv4A28K8/Kq/KhfE5Ll5Ss5wD8gfL9C3VXo1U=</latexit>

DN = {(xi, ⇠i)}Ni=1

Predict / Estimate
Minimize estimation error.

<latexit sha1_base64="pEpU0tIlCXcsEwK9vdRhu5Ns4dY="></latexit>

Ef✓(x)[⇠
>z] = Ef✓(x)[⇠]

>z = g✓(x)
>z

Linear cost function

Mean Square Error

 replaced with point predictor 

(denoted  )

𝑓𝜃

g𝜃

<latexit sha1_base64="PqbWYB8vzt3Ghm7JWxyt/f0dq4M="></latexit>

✓̂ = argmin
✓

1

N

NX

i=1

kg✓(xi)� ⇠ik2 + ⌦(✓)

Non-linear cost function

Maximum Likelihood

 is a conditional density estimator𝑓𝜃

<latexit sha1_base64="WIWFp56zvd3T2R9g9JJIlt5tpaM="></latexit>

✓̂ = argmin
✓

1

N

NX

i=1

� log(Pf✓(xi)(⇠
i)) + ⌦(✓)
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Contextual Discrete approximation

Minimizing expected costs w.r.t. a distribution is often done through SAA: 

Weighted SAA

<latexit sha1_base64="VT+XQAsTZHtW37LSMqgsnBRRtXo="></latexit>

min
z2Z

Ef✓(x)[c(z, ⇠)] with f✓(x) :=
1

N

NX

i=1

�⇠i(x)
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Contextual Discrete approximation

Minimizing expected costs w.r.t. a distribution is often done through SAA: 

Residual based
Measure the error of a trained regression 

model on the historical data
<latexit sha1_base64="vt/oWTdNqh32PBRyKpyUKbdRZbE="></latexit>

f✓(x) :=
1

N

NX

i=1

�g✓(x)+✏i

Weighted SAA

<latexit sha1_base64="VT+XQAsTZHtW37LSMqgsnBRRtXo="></latexit>

min
z2Z

Ef✓(x)[c(z, ⇠)] with f✓(x) :=
1

N

NX

i=1

�⇠i(x)
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Contextual Discrete approximation

Minimizing expected costs w.r.t. a distribution is often done through SAA: 

Residual based
Measure the error of a trained regression 

model on the historical data
<latexit sha1_base64="ffibjOYMNXbSDTc/QtE4zscYkbY="></latexit>

f✓(x) :=
1

N

NX

i=1

�g✓(x)+✏i

Weighted SAA

<latexit sha1_base64="vjKX1p6sYd/zydYuvhBfPxSzX7s="></latexit>

·wi(x)

Weight based

Measure proximity in feature space 

between  and historical covariates 𝑥 𝑥𝑖

<latexit sha1_base64="8gQsqeTgzGgGS0Z1KpkGpIFlqEI="></latexit>

min
z2Z

Ef✓(x)[c(z, ⇠)] with f✓(x) :=
NX

i=1

�⇠i

<latexit sha1_base64="VT+XQAsTZHtW37LSMqgsnBRRtXo="></latexit>

min
z2Z

Ef✓(x)[c(z, ⇠)] with f✓(x) :=
1

N

NX

i=1

�⇠i(x)
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Proximity 
in feature 

space

▪ -nearest neighbor:

▪ Kernel density estimation:

𝑘
<latexit sha1_base64="Xv4LQaNwclwIrOpTp7/w49Wku1c="></latexit>

wkNN
i (x) := (1/k)11[xi 2 Nk(x)]

<latexit sha1_base64="dxqt+IR+Sz8EG5Re25kioCXL1Lw="></latexit>

wKDE
i (x) :=

K((x� xi)/✓)
PN

j=1 K((x� xj)/✓)

Weighted SAA
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Proximity 
in feature 

space

▪ -nearest neighbor:

▪ Kernel density estimation:

𝑘
<latexit sha1_base64="Xv4LQaNwclwIrOpTp7/w49Wku1c="></latexit>

wkNN
i (x) := (1/k)11[xi 2 Nk(x)]

<latexit sha1_base64="dxqt+IR+Sz8EG5Re25kioCXL1Lw="></latexit>

wKDE
i (x) :=

K((x� xi)/✓)
PN

j=1 K((x� xj)/✓)

Supervised 
learning

▪ Decision tree:

▪ Random forest: average over set of decision trees.

Weighted SAA

<latexit sha1_base64="fPfA3ISbbKTiPYNzyTUA4Qa0Po4="></latexit>

wDT
i (x) :=

11[R(x) = R(xi)]
PN

j=1 11[R(x) = R(xj)]
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Why do sequential learning and 
optimization?

It’s fast!

It works

Theoretical guarantees

➢Train once on historical data: 
no need to solve optimization models during training

➢Can perform better than non-contextual approach
➢Can be trained using less data when model is well specified

➢Converges to optimal contextual policy as the size of the 
training set increases when model is well specified.  
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Some benchmark results (Buttler et al., 2023)

Newsvendor
Problem

Compare sequential L&O and decision rules 

on 4 real-world data sets. 

Proportion of instances where methods achieved best performance

Models:

Kernel weights
K-nearest neighbour weights

Linear rule
Deep learning

Decision tree weights
Random forest weights



Going beyond SLO: 
Integrated learning and optimization
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Wrong predictions lead to suboptimal decisions

Figure adapted from [Elmachtoub and Grigas 2022]

<latexit sha1_base64="VtVfwIePl4JRxgRDFf7/TcP3lb8=">AAAB8nicbVDLSgMxFL3js9ZX1aWbYBFclRnxtay4cVnBPnA6lEyatqGZyZDcEcpQ8CfcuFDErV/jzr8x03ahrQcCh3NuuOeeMJHCoOt+O0vLK6tr64WN4ubW9s5uaW+/YVSqGa8zJZVuhdRwKWJeR4GStxLNaRRK3gyHN7nffOTaCBXf4yjhQUT7segJRtFKfjuiOGBUZg/jTqnsVtwJyCLxZqQMM9Q6pa92V7E04jEySY3xPTfBIKMaBZN8XGynhieUDWmf+5bGNOImyCaRx+TYKl3SU9q+GMlE/f0jo5Exoyi0k3lEM+/l4n+en2LvKshEnKTIYzZd1EslQUXy+0lXaM5QjiyhTAublbAB1ZShbaloS/DmT14kjdOKd1E5vzsrV6+fpnUU4BCO4AQ8uIQq3EIN6sBAwTO8wpuDzovz7nxMR5ecWYUH8AfO5w+/PpH5</latexit>Z

<latexit sha1_base64="1rrLk4U8Y6tH2mdUh85Xq9vheXI=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiCIhzAjbseIF48RzQLJGHo6laRJT8/Q3SPEIeAPePGgiFe/yJt/Y2c5aOKDgsd7VVTVC2LBtXHdbyezsLi0vJJdza2tb2xu5bd3qjpKFMMKi0Sk6gHVKLjEiuFGYD1WSMNAYC3oX4382gMqzSN5ZwYx+iHtSt7hjBor3T7eH7XyBbfojkHmiTclBZii3Mp/NdsRS0KUhgmqdcNzY+OnVBnOBA5zzURjTFmfdrFhqaQhaj8dnzokB1Zpk06kbElDxurviZSGWg/CwHaG1PT0rDcS//Maielc+CmXcWJQssmiTiKIicjob9LmCpkRA0soU9zeSliPKsqMTSdnQ/BmX54n1eOid1Y8vTkplC6fJnFkYQ/24RA8OIcSXEMZKsCgC8/wCm+OcF6cd+dj0ppxphHuwh84nz8rjo4j</latexit>

z⇤
Suboptimal

decision

optimal
 decision

<latexit sha1_base64="nSkVmzS6kir3gAcev+MTv/WXMJ8="></latexit>

⇠ <latexit sha1_base64="QH6HZxTSZUJMAnjrmwx/fXgMGQY="></latexit>

⇠̂ + ✏1

<latexit sha1_base64="/PN/sWDRSe4RSMFafUq2HuM6zYE="></latexit>

⇠̂ + ✏2 <latexit sha1_base64="66qWyKTNiQ2xXxNseqxiFnQCknc="></latexit>

k✏1k  k✏2k

<latexit sha1_base64="oqBfDtPC/7t64NgLChDqSzaKIvA=">AAACNHicbVDLSgMxFM3UV62vUZdugkVwVWbE17LiRnBTwT6wM5ZMmrahmWRIMtI6DPhLbvwQNyK4UMSt32Cm7cJWD4QczrmXe+8JIkaVdpxXKzc3v7C4lF8urKyurW/Ym1s1JWKJSRULJmQjQIowyklVU81II5IEhQEj9aB/nvn1OyIVFfxaDyPih6jLaYdipI3Usi+9EA1aCfQCwdpqGJovuU+hRzk0ju5hxJKbNJ3yvQFNbz0topmull10Ss4I8C9xJ6QIJqi07GevLXAcEq4xQ0o1XSfSfoKkppiRtODFikQI91GXNA3lKCTKT0ZHp3DPKG3YEdI8ruFI/d2RoFBlq5nK7BA162Xif14z1p1TP6E8ijXheDyoEzOoBcwShG0qCdZsaAjCkppdIe4hibA2ORdMCO7syX9J7aDkHpeOrg6L5bOHcRx5sAN2wT5wwQkogwtQAVWAwSN4Ae/gw3qy3qxP62tcmrMmEW6DKVjfP6qTrlU=</latexit>

max
z2Z

⇠>z
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Task loss

ILO Training pipeline

Prediction 
model

Fixed decision rule

• [Bengio 1997] : Task-aware point prediction under a fixed 
decision rule

<latexit sha1_base64="brBbIInvrbED+SSk80CDziwVb3U=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0WsICURX8uKm66kgn1AE8JkOrVDJ5MwMxFqCPgDbvwVNy4UcevSnX/jJO1CWy8MHM65c++5x48Ylcqyvo3C3PzC4lJxubSyura+YW5utWQYC0yaOGSh6PhIEkY5aSqqGOlEgqDAZ6TtDy8zvX1HhKQhv1GjiLgBuuW0TzFSmvLMfSefkWiacIVSWK/cHzoDpBInQGrg+0kjTb2rA88sW1UrLzgL7Akog0k1PPPL6YU4DvRUzJCUXduKlJsgoShmJC05sSQRwkO9t6shRwGRbpKbSeGeZnqwHwr9uII5+/tHggIpR4GvOzOXclrLyP+0bqz6525CeRQrwvF4UT9mUIUwSwf2qCBYsZEGCAuqvUI8QAJhpTMs6RDs6ZNnQeuoap9WT66Py7WLh3EcRbADdkEF2OAM1EAdNEATYPAInsEreDOejBfj3fgYtxaMSYTb4E8Znz8xY525</latexit>

H(z, P̂N )<latexit sha1_base64="LP+44Vj4AJ8GWEXun2CkFsPTOsY="></latexit>

N (✓>x, 1)

<latexit sha1_base64="1/LAhgqOYWuJ2TL09PJyYv8g1h4="></latexit>

✓  ✓ � ⌘r✓H(ẑ(x,N (✓>x, 1)), P̂N )

<latexit sha1_base64="0fZiKqQBCa6TzJfuiUne9kZfAHU="></latexit>

ẑ(x,N (✓>x, 1)) := . . .
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Task lossPrediction 
model

Optimization model

• [Donti et al. 2017] : Task-aware conditional density prediction 
under CSO model

ILO Training pipeline

<latexit sha1_base64="brBbIInvrbED+SSk80CDziwVb3U=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0WsICURX8uKm66kgn1AE8JkOrVDJ5MwMxFqCPgDbvwVNy4UcevSnX/jJO1CWy8MHM65c++5x48Ylcqyvo3C3PzC4lJxubSyura+YW5utWQYC0yaOGSh6PhIEkY5aSqqGOlEgqDAZ6TtDy8zvX1HhKQhv1GjiLgBuuW0TzFSmvLMfSefkWiacIVSWK/cHzoDpBInQGrg+0kjTb2rA88sW1UrLzgL7Akog0k1PPPL6YU4DvRUzJCUXduKlJsgoShmJC05sSQRwkO9t6shRwGRbpKbSeGeZnqwHwr9uII5+/tHggIpR4GvOzOXclrLyP+0bqz6525CeRQrwvF4UT9mUIUwSwf2qCBYsZEGCAuqvUI8QAJhpTMs6RDs6ZNnQeuoap9WT66Py7WLh3EcRbADdkEF2OAM1EAdNEATYPAInsEreDOejBfj3fgYtxaMSYTb4E8Znz8xY525</latexit>

H(z, P̂N )<latexit sha1_base64="5Pn6si+H0WBZgjuiUBRNjfG/f6I=">AAACFHicbVDLSsQwFE19juOr6tJNcBBGhKEVX8sRNy5HcB4wLSVNUydMmpYkFYdS8Bfc+CtuXCji1oU7/8a0Mwud8ULI4Zybe0+OnzAqlWV9G3PzC4tLy5WV6ura+samubXdkXEqMGnjmMWi5yNJGOWkrahipJcIgiKfka4/vCz07h0Rksb8Ro0S4kboltOQYqQ05ZmH0CmHZJonXKEchl7mqAHRsO74MQvkKNJXdp8feGbNalhlwVlgT0ANTKrlmV9OEOM00oMxQ1L2bStRboaEopiRvOqkkiQID/XqvoYcRUS6Weknh/uaCWAYC324giX7+0WGIll4050RUgM5rRXkf1o/VeG5m1GepIpwPF4UpgyqGBYJwYAKghUbaYCwoNorxAMkEFY6x6oOwZ7+8izoHDXs08bJ9XGtefEwjqMCdsEeqAMbnIEmuAIt0AYYPIJn8ArejCfjxXg3Psatc8Ykwh3wp4zPHy0Pn/U=</latexit>

f✓(x)

<latexit sha1_base64="zB2KylGKx4+Glt4ZUT2GojkA5O4="></latexit>

z⇤(x, f✓(x))

= argmin
z2Z

h(z, f✓(x))

<latexit sha1_base64="NHEuSExmnMFdjbZMerah5V9CvKc="></latexit>

✓  ✓ � ⌘r✓H(z⇤(x, f✓(x), P̂N )

• [Bengio 1997] : Task-aware point prediction under a fixed 
decision rule
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How to differentiate through argmin 
operation

- Implicit differentiation through KKT conditions for convex 
problems

- Unroll the operations made by the optimization process:
- Differentiate through its computational graph
- Implicit differentiation of the fixed point equations at local 

optimum [Butler and Kwon, 2023] and [Kotary et al. 2023]
- Replace optimizer with a differentiable deep neural network 

[Grigas et al. 2021]
- Libraries: TorchOpt [Bilevel], CvxpyLayer [Convex], PyEPO 

[Linear] 

<latexit sha1_base64="ZqjRCQMoJAVocVLzxBtAF5bbrUE=">AAACFHicbVDLSsNAFJ3UV62vqks3wSLUByURX8uKG5cV7APaGiaTiR06yYSZG7GGgL/gxl9x40IRty7c+TdOH4vaeuByD+fcYe49bsSZAsv6MTIzs3PzC9nF3NLyyupafn2jpkQsCa0SwYVsuFhRzkJaBQacNiJJceByWne7F32/fkelYiK8hl5E2wG+DZnPCAYtOfn9h5u9YssV3FO9QLfkPj3wnWRcaUGHAk7TXSdfsErWAOY0sUekgEaoOPnvlidIHNAQCMdKNW0rgnaCJTDCaZprxYpGmHTxLW1qGuKAqnYyOCo1d7Timb6QukIwB+r4iwQHqr+hngwwdNSk1xf/85ox+GfthIVRDDQkw4/8mJsgzH5CpsckJcB7mmAimd7VJB0sMQGdY06HYE+ePE1qhyX7pHR8dVQonz8O48iiLbSNishGp6iMLlEFVRFBT+gFvaF349l4NT6Mz+FoxhhFuIn+wPj6BWvyoB4=</latexit>

z⇤(x, f✓)
<latexit sha1_base64="NHEuSExmnMFdjbZMerah5V9CvKc="></latexit>

✓  ✓ � ⌘r✓H(z⇤(x, f✓(x), P̂N )



• Regret minimization [Elmachtoub & Grigas, 2022]:  
<latexit sha1_base64="2Eo+LIgEEquTFQ9sS4LbePlpdcI="></latexit>

H(z⇤(x, f✓),P) := EP[c(z
⇤(x, f✓), ⇠)]
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Smart “Predict, then optimize”
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<latexit sha1_base64="lEGmZCE01qJj3VXuPWGiIAqh+uc="></latexit>
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⇤(x, f✓), ⇠)�min

z2Z
c(z, ⇠)]
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<latexit sha1_base64="lEGmZCE01qJj3VXuPWGiIAqh+uc="></latexit>

H(z⇤(x, f✓),P) := EP[c(z
⇤(x, f✓), ⇠)�min

z2Z
c(z, ⇠)]

<latexit sha1_base64="epc9cBSMOBE14u5BrPwX89/H84w="></latexit>

✓

<latexit sha1_base64="4JsxsPfVfnM54bJi56lpvvRGtm0="></latexit>

min
✓

EP
⇥
`SPO+(g✓(x),y)

⇤
with `SPO+(ŷ,y) := sup

z2Z
(y�2ŷ)Tz+2ŷTz⇤(x,y)�yTz⇤(x,y),

<latexit sha1_base64="qoYW1jB9mD8Z1v3dzlKNVhTxz/M="></latexit>

min
✓

EP
⇥
`SPO+(g✓(x),y)

⇤
- Non-convex and discontinuous in 

- Replace with SPO+: 
with 

- Solve two optimization problems (MILP) at each iteration

- SPO+ has slower convergence rate when compared to 
sequential estimate then optimize model

- Model misspecification: SPO+ outperforms MSE
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Optimal action imitation

- Imitation performance metric:

Imitation-
based  

Prediction 
layer Optimization model

<latexit sha1_base64="2Eo+LIgEEquTFQ9sS4LbePlpdcI="></latexit>

H(z⇤(x, f✓),P) := EP[c(z
⇤(x, f✓), ⇠)]
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<latexit sha1_base64="2Eo+LIgEEquTFQ9sS4LbePlpdcI="></latexit>

H(z⇤(x, f✓),P) := EP[c(z
⇤(x, f✓), ⇠)]

<latexit sha1_base64="r8PjKRzXDXq24vW2b3TWC3hkp7o="></latexit>

EP̂N
[d(z⇤(x, f✓), z

⇤(x, ⇠)]
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Optimal action imitation

- Imitation performance metric:

Imitation-
based  

Prediction 
layer Optimization model

<latexit sha1_base64="VW7IMwTDaD0dVq+wMr4bkJZKgMk="></latexit>

z̃(x, f✓) ⇠
exp(↵h(z, f✓(x))R
exp(↵h(z, f✓(x))dz

<latexit sha1_base64="2Eo+LIgEEquTFQ9sS4LbePlpdcI="></latexit>

H(z⇤(x, f✓),P) := EP[c(z
⇤(x, f✓), ⇠)]

<latexit sha1_base64="r8PjKRzXDXq24vW2b3TWC3hkp7o="></latexit>

EP̂N
[d(z⇤(x, f✓), z

⇤(x, ⇠)]
- Training based on perturbed optimizers:

- [Berthet et al., 2020] uses additive perturbation of point prediction
- [Dalle et al. , 2022] uses multiplicative perturbations
- [Mulamba et al., 2021] and [Kong et al., 2022] uses energy based 

optimizer
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Comparison of some models
Load forecasting and generator scheduling problem

(objective similar to newsvendor problem) 

Source: [Kong et al. 2022]

Decision rule opt.

SLO
ILO

 Donti-2017

ILO
 SAA-Cvxpylayer

Imitation Kong-2022

Decision rule opt.

SLO
ILO

 Donti-2017

ILO
 SAA-Cvxpylayer

Imitation Kong-2022
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Take-away messages
- Contextual stochastic optimization is a rapidly evolving 

field that provides methods for identifying data-driven 
decision that exploit most recently available information.

- Three types of approaches:
- Decision rule/policy optimization
- Sequential learning and optimization
- Integrated learning and optimization

- Four types of performance measures:
- Statistical accuracy of prediction model
- Task-based expected cost of induced policy
- Task-based expected regret of induced policy
- Quality of imitation

- Many potential applications in mining?

(Link to survey paper)


