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Why contextual stochastic 
optimization?
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Decision Making with Contextual 
Information

- Revealed contextual information 

- Hidden random variables

i
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Decision Making with Contextual 
Information

- Revealed contextual information 

- Hidden random variables

i
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Practical motivation
Example 1: 
Shortest path over Los Angeles downtown (Kallus & Mao, 2022)

Problem: find shortest path 
traversing Los Angeles downtown area 

from East to West

Travel times over all arcs are uncertain. We 
have relevant contextual information.
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Practical motivation
Example 1: 
Shortest path over Los Angeles downtown (Kallus & Mao, 2022)

Problem: find shortest path 
traversing Los Angeles downtown area 

from East to West

Green path is optimal

Blue path is optimal

Travel times over all arcs are uncertain. We 
have relevant contextual information.
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Practical motivation
Example 2: 
Nurse Staffing in a Hospital (Ban & Rudin, 2019)

Features

Day of the week

Time of the day

Past demand observations

Decide how many nurse to schedule on a given day: 
large penalty for under-/over-staffing


➢ A newsvendor model with uncertain demand

Historical data:

Demand and context
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Practical motivation

In uncertain environments: we should use available 
contextual information to improve decisions

Manage inventory Build portfolio Deliver packages



What is contextual 
optimization?
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Problem Definition

Stochastic optimization
<latexit sha1_base64="L4XadQkyhclU0tskbo9Ao2xcLSs="></latexit>

z⇤ 2 argmin
z2Z

EP(y)[c(z,y)]
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Problem Definition

Stochastic optimization Conditional stochastic 
optimization (CSO)Context

Contextual information / covariate / features

<latexit sha1_base64="yu3E80UFBYo+TuJ7Rh3lR6D7gG4="></latexit>

z⇤(x) 2 argmin
z2Z

EP(y|x)[c(z,y)]
<latexit sha1_base64="L4XadQkyhclU0tskbo9Ao2xcLSs="></latexit>

z⇤ 2 argmin
z2Z

EP(y)[c(z,y)]
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Problem Definition

Stochastic optimization Conditional stochastic 
optimization (CSO)Context

Contextual information / covariate / features

Connection between CSO and policy optimization:


<latexit sha1_base64="yu3E80UFBYo+TuJ7Rh3lR6D7gG4="></latexit>

z⇤(x) 2 argmin
z2Z

EP(y|x)[c(z,y)]
<latexit sha1_base64="L4XadQkyhclU0tskbo9Ao2xcLSs="></latexit>

z⇤ 2 argmin
z2Z

EP(y)[c(z,y)]

<latexit sha1_base64="F+yAzQB0YPCegWs5FoAM21+tBr0="></latexit>

⇡⇤ 2 argmin
⇡:X!Z

EP[c(⇡(x),y)] , ⇡⇤(x) 2 argmin
z2Z

EP(y|x)[c(z,y)] a.s.
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Problem Definition

Stochastic optimization Conditional stochastic 
optimization (CSO)Context

Contextual information / covariate / features

Connection between CSO and policy optimization:


Conditional expected cost

<latexit sha1_base64="yu3E80UFBYo+TuJ7Rh3lR6D7gG4="></latexit>

z⇤(x) 2 argmin
z2Z

EP(y|x)[c(z,y)]
<latexit sha1_base64="L4XadQkyhclU0tskbo9Ao2xcLSs="></latexit>

z⇤ 2 argmin
z2Z

EP(y)[c(z,y)]

<latexit sha1_base64="F+yAzQB0YPCegWs5FoAM21+tBr0="></latexit>

⇡⇤ 2 argmin
⇡:X!Z

EP[c(⇡(x),y)] , ⇡⇤(x) 2 argmin
z2Z

EP(y|x)[c(z,y)] a.s.

<latexit sha1_base64="3b8BfvLFpHvFhwq3TuzBOImIA3c="></latexit>| {z }
h(z,P(y|x))
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Problem Definition

Stochastic optimization Conditional stochastic 
optimization (CSO)Context

Contextual information / covariate / features

Connection between CSO and policy optimization:


<latexit sha1_base64="C7SeWwiBFb3YDHbEnl92ebcYDbU="></latexit>| {z }
H(⇡,P)

Conditional expected cost

(Unconditional) expected cost

<latexit sha1_base64="yu3E80UFBYo+TuJ7Rh3lR6D7gG4="></latexit>

z⇤(x) 2 argmin
z2Z

EP(y|x)[c(z,y)]
<latexit sha1_base64="L4XadQkyhclU0tskbo9Ao2xcLSs="></latexit>

z⇤ 2 argmin
z2Z

EP(y)[c(z,y)]

<latexit sha1_base64="F+yAzQB0YPCegWs5FoAM21+tBr0="></latexit>

⇡⇤ 2 argmin
⇡:X!Z

EP[c(⇡(x),y)] , ⇡⇤(x) 2 argmin
z2Z

EP(y|x)[c(z,y)] a.s.

<latexit sha1_base64="3b8BfvLFpHvFhwq3TuzBOImIA3c="></latexit>| {z }
h(z,P(y|x))
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Overview of the three frameworks

Decision rule/Policy

optimization <latexit sha1_base64="P8D69bWuLnVlU73Yf7AAmY0tSyg=">AAACEnicbVDLSsNAFJ34rPUVdekmWIR2UxLxtay4cVnBPqAJYTKZtEMnD2ZuxBIC/oEbf8WNC0XcunLn3zhpu6itBy73cM4d5t7jJZxJMM0fbWl5ZXVtvbRR3tza3tnV9/bbMk4FoS0S81h0PSwpZxFtAQNOu4mgOPQ47XjD68Lv3FMhWRzdwSihToj7EQsYwaAkV6/ZCXMz24u5L0ehapkNAwo4z6uz4kNec/WKWTfHMBaJNSUVNEXT1b9tPyZpSCMgHEvZs8wEnAwLYITTvGynkiaYDHGf9hSNcEilk41Pyo1jpfhGEAtVERhjdfZFhkNZ7KYmQwwDOe8V4n9eL4Xg0slYlKRAIzL5KEi5AbFR5GP4TFACfKQIJoKpXQ0ywAITUCmWVQjW/MmLpH1St87rZ7enlcbV4ySOEjpER6iKLHSBGugGNVELEfSEXtAbeteetVftQ/ucjC5p0wgP0B9oX7+BPZ+r</latexit>

⇡✓(x)
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Overview of the three frameworks

Decision rule/Policy

optimization

Sequential learning

and optimization <latexit sha1_base64="ZqjRCQMoJAVocVLzxBtAF5bbrUE=">AAACFHicbVDLSsNAFJ3UV62vqks3wSLUByURX8uKG5cV7APaGiaTiR06yYSZG7GGgL/gxl9x40IRty7c+TdOH4vaeuByD+fcYe49bsSZAsv6MTIzs3PzC9nF3NLyyupafn2jpkQsCa0SwYVsuFhRzkJaBQacNiJJceByWne7F32/fkelYiK8hl5E2wG+DZnPCAYtOfn9h5u9YssV3FO9QLfkPj3wnWRcaUGHAk7TXSdfsErWAOY0sUekgEaoOPnvlidIHNAQCMdKNW0rgnaCJTDCaZprxYpGmHTxLW1qGuKAqnYyOCo1d7Timb6QukIwB+r4iwQHqr+hngwwdNSk1xf/85ox+GfthIVRDDQkw4/8mJsgzH5CpsckJcB7mmAimd7VJB0sMQGdY06HYE+ePE1qhyX7pHR8dVQonz8O48iiLbSNishGp6iMLlEFVRFBT+gFvaF349l4NT6Mz+FoxhhFuIn+wPj6BWvyoB4=</latexit>

z⇤(x, f✓)

<latexit sha1_base64="P8D69bWuLnVlU73Yf7AAmY0tSyg=">AAACEnicbVDLSsNAFJ34rPUVdekmWIR2UxLxtay4cVnBPqAJYTKZtEMnD2ZuxBIC/oEbf8WNC0XcunLn3zhpu6itBy73cM4d5t7jJZxJMM0fbWl5ZXVtvbRR3tza3tnV9/bbMk4FoS0S81h0PSwpZxFtAQNOu4mgOPQ47XjD68Lv3FMhWRzdwSihToj7EQsYwaAkV6/ZCXMz24u5L0ehapkNAwo4z6uz4kNec/WKWTfHMBaJNSUVNEXT1b9tPyZpSCMgHEvZs8wEnAwLYITTvGynkiaYDHGf9hSNcEilk41Pyo1jpfhGEAtVERhjdfZFhkNZ7KYmQwwDOe8V4n9eL4Xg0slYlKRAIzL5KEi5AbFR5GP4TFACfKQIJoKpXQ0ywAITUCmWVQjW/MmLpH1St87rZ7enlcbV4ySOEjpER6iKLHSBGugGNVELEfSEXtAbeteetVftQ/ucjC5p0wgP0B9oX7+BPZ+r</latexit>

⇡✓(x)
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Overview of the three frameworks

Decision rule/Policy

optimization

Integrated learning

and optimization

Sequential learning

and optimization <latexit sha1_base64="ZqjRCQMoJAVocVLzxBtAF5bbrUE=">AAACFHicbVDLSsNAFJ3UV62vqks3wSLUByURX8uKG5cV7APaGiaTiR06yYSZG7GGgL/gxl9x40IRty7c+TdOH4vaeuByD+fcYe49bsSZAsv6MTIzs3PzC9nF3NLyyupafn2jpkQsCa0SwYVsuFhRzkJaBQacNiJJceByWne7F32/fkelYiK8hl5E2wG+DZnPCAYtOfn9h5u9YssV3FO9QLfkPj3wnWRcaUGHAk7TXSdfsErWAOY0sUekgEaoOPnvlidIHNAQCMdKNW0rgnaCJTDCaZprxYpGmHTxLW1qGuKAqnYyOCo1d7Timb6QukIwB+r4iwQHqr+hngwwdNSk1xf/85ox+GfthIVRDDQkw4/8mJsgzH5CpsckJcB7mmAimd7VJB0sMQGdY06HYE+ePE1qhyX7pHR8dVQonz8O48iiLbSNishGp6iMLlEFVRFBT+gFvaF349l4NT6Mz+FoxhhFuIn+wPj6BWvyoB4=</latexit>

z⇤(x, f✓)

<latexit sha1_base64="ZqjRCQMoJAVocVLzxBtAF5bbrUE=">AAACFHicbVDLSsNAFJ3UV62vqks3wSLUByURX8uKG5cV7APaGiaTiR06yYSZG7GGgL/gxl9x40IRty7c+TdOH4vaeuByD+fcYe49bsSZAsv6MTIzs3PzC9nF3NLyyupafn2jpkQsCa0SwYVsuFhRzkJaBQacNiJJceByWne7F32/fkelYiK8hl5E2wG+DZnPCAYtOfn9h5u9YssV3FO9QLfkPj3wnWRcaUGHAk7TXSdfsErWAOY0sUekgEaoOPnvlidIHNAQCMdKNW0rgnaCJTDCaZprxYpGmHTxLW1qGuKAqnYyOCo1d7Timb6QukIwB+r4iwQHqr+hngwwdNSk1xf/85ox+GfthIVRDDQkw4/8mJsgzH5CpsckJcB7mmAimd7VJB0sMQGdY06HYE+ePE1qhyX7pHR8dVQonz8O48iiLbSNishGp6iMLlEFVRFBT+gFvaF349l4NT6Mz+FoxhhFuIn+wPj6BWvyoB4=</latexit>

z⇤(x, f✓)

<latexit sha1_base64="P8D69bWuLnVlU73Yf7AAmY0tSyg=">AAACEnicbVDLSsNAFJ34rPUVdekmWIR2UxLxtay4cVnBPqAJYTKZtEMnD2ZuxBIC/oEbf8WNC0XcunLn3zhpu6itBy73cM4d5t7jJZxJMM0fbWl5ZXVtvbRR3tza3tnV9/bbMk4FoS0S81h0PSwpZxFtAQNOu4mgOPQ47XjD68Lv3FMhWRzdwSihToj7EQsYwaAkV6/ZCXMz24u5L0ehapkNAwo4z6uz4kNec/WKWTfHMBaJNSUVNEXT1b9tPyZpSCMgHEvZs8wEnAwLYITTvGynkiaYDHGf9hSNcEilk41Pyo1jpfhGEAtVERhjdfZFhkNZ7KYmQwwDOe8V4n9eL4Xg0slYlKRAIzL5KEi5AbFR5GP4TFACfKQIJoKpXQ0ywAITUCmWVQjW/MmLpH1St87rZ7enlcbV4ySOEjpER6iKLHSBGugGNVELEfSEXtAbeteetVftQ/ucjC5p0wgP0B9oX7+BPZ+r</latexit>

⇡✓(x)
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Outline of the Tutorial

•Decision rule optimization


•Sequential learning and optimization


• Integrated learning and optimization


•Take-away messages



Decision rule optimization

<latexit sha1_base64="P8D69bWuLnVlU73Yf7AAmY0tSyg=">AAACEnicbVDLSsNAFJ34rPUVdekmWIR2UxLxtay4cVnBPqAJYTKZtEMnD2ZuxBIC/oEbf8WNC0XcunLn3zhpu6itBy73cM4d5t7jJZxJMM0fbWl5ZXVtvbRR3tza3tnV9/bbMk4FoS0S81h0PSwpZxFtAQNOu4mgOPQ47XjD68Lv3FMhWRzdwSihToj7EQsYwaAkV6/ZCXMz24u5L0ehapkNAwo4z6uz4kNec/WKWTfHMBaJNSUVNEXT1b9tPyZpSCMgHEvZs8wEnAwLYITTvGynkiaYDHGf9hSNcEilk41Pyo1jpfhGEAtVERhjdfZFhkNZ7KYmQwwDOe8V4n9eL4Xg0slYlKRAIzL5KEi5AbFR5GP4TFACfKQIJoKpXQ0ywAITUCmWVQjW/MmLpH1St87rZ7enlcbV4ySOEjpER6iKLHSBGugGNVELEfSEXtAbeteetVftQ/ucjC5p0wgP0B9oX7+BPZ+r</latexit>

⇡✓(x)
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Learning decision rules (LDRs)

- Find policy to minimize the expected cost

- Infinite dimensional problem 

- Linear DRs to solve newsvendor problem [Ban & Rudin, 
2019] 
 

- Linear DR have finite sample guarantees

- Linear DRs are asymptotically suboptimal in general

<latexit sha1_base64="YhIp43BIkZrJLMKC3ShXVTvlzSI=">AAAC53icbVFLaxsxENZuX6n7cttjL6KmYNMQvKEvAoaEXnJyXaidgGUvWq1sC0vajaRta4Sg/6C30mt/Vunv6L2ztg+J04FhPn0zmhm+yUoprOt2f0fxjZu3bt/Zu9u4d//Bw0fNx09GtqgM40NWyMKcZ9RyKTQfOuEkPy8NpyqT/Cxbvq/zZ5+5saLQn9yq5BNF51rMBKMOqLT5h6x7eKC5djTgBlFCp56U4gi8TUb+a+jgHg ZwEabEFSVecwGftqFgH5MFdZ4o6hZZ5gchpP0OfomJhB1yiskHxee0TbJC5nalINStQ+eot51Ttw1kZijzSfD9gImtVOpFLwnTPmbt3blTsQ9xBfHKGDnixm2WxMTUj3SZNlvdg+7a8HWQbEELbW2QNv+SvGCVAiWYpNaOk27pJp4aJ5jkoUEqy0vKlqDVGKCmituJXwsY8AtgcjwrDLh2eM1e/uGpsrUCUFmLZXdzNfm/3Lhys3cTL3RZOa7ZZtCsktgVuL4ozoXhzMkVAMqMgF0xW1AQ1MHdG0TzL6xQiuocxA7jZOIvH6OVwMWarWRXletgdHiQvDl4/fFV6/jk20axPfQMPUdtlKC36BidogEaIhadRPOojC5iEX+Pf8Q/N6VxtFX5Kbpi8a9/ehHsHg==</latexit>

min
⇡:⇡(x)=q>x

H(⇡, P̂N ) + �⌦(⇡) := min
q

1

N

NX

i=1

c(q>xi
,yi) + �kqkk
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Decision rules on lifted space

- Linear in transformation of features: [Ban & Rudin, 2019]


- Policies in the reproducing kernel Hilbert space (RKHS) 
[Bertsimas & Koduri, 2023]


- Piecewise affine decision rules [Zhang et al., 2023]


- Outperforms models with policy in the RKHS


- Policy Net [Oroojlooyjadid et al., 2020]


- Lack interpretability


- Challenge: Ensure constraints are satisfied
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Distributionally robust optimization

- Estimation error: Empirical distribution 
biased in low data regime


- One can robustify against all distributions in 
an ambiguity set: 
 

- E.g.: Wasserstein ambiguity set [Mohajerin 
and Kuhn 2018]

<latexit sha1_base64="F2+ilFRq3s8lfQdLRDhmwuAvxa8=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUnE17LixpVUsA9oQphMp+3QySTMTMQSAn6JGxeKuPVH3Pk3TtoutHrgwuGce5kzJ0w4U9pxvqzS0vLK6lp5vbKxubW9Y+9W2ypOJaEtEvNYdkOsKGeCtjTTnHYTSXEUctoJx1eF37mnUrFY3OlJQv0IDwUbMIK1kQK76o2wzrwI61EYZs08D24Cu+bUnSnQX+LOSQ3maAb2p9ePSRpRoQnHSvVcJ9F+hqVmhNO84qWKJpiM8ZD2DBU4osrPptlzdGiUPhrE0ozQaKr+vMhwpNQkCs1mEVIteoX4n9dL9eDCz5hIUk0FmT00SDnSMSqKQH0mKdF8YggmkpmsiIywxESbuiqmBHfxy39J+7juntVPb09qjcvHWR1l2IcDOAIXzqEB19CEFhB4gCd4gVcrt56tN+t9tlqy5hXuwS9YH9+aFJU4</latexit>

P̂N

<latexit sha1_base64="FH2dlgj3fL2aM+vDaiIbVCduUbU=">AAACA3icbVDLSsNAFL3xWesr6k43g0VwVRLxtay4cdmCfUATymQ6tUMnkzAzEUoIdOOvuHGhiFt/wp1/4yTtQlsPDBzOvXPPvSeIOVPacb6tpeWV1bX10kZ5c2t7Z9fe22+pKJGENknEI9kJsKKcCdrUTHPaiSXFYcBpOxjd5vX2I5WKReJej2Pqh/hBsAEjWBupZx96xYzUyFRonCEvxHoYBGkj69kVp+oUQIvEnZEKzFDv2V9ePyJJaAYRjpXquk6s/RRLzQinWdlLFI0xGRmrrqECh1T5aeGfoROj9NEgkuYJjQr1948Uh0qNw8B05huq+Vou/lfrJnpw7adMxImmgkyNBglHOkJ5IKjPJCWajw3BRDKzKyJDLDHRJrayCcGdP3mRtM6q7mX1onFeqd1MpnGU4AiO4RRcuIIa3EEdmkBgAs/wCm/Wk/VivVsf09YlaxbhAfyB9fkD4tyYuw==</latexit>

Q
<latexit sha1_base64="iu2R8sMbo4sYlUMvWUz23JeXtyw=">AAAB6HicbVDJSgNBEK2JW4xb1KOXxiB4CjPidox48ZiAWSAZQk+nJmnT0zN09whhCHj34kERr36SN//GznLQxAcFj/eqqKoXJIJr47rfTm5ldW19I79Z2Nre2d0r7h80dJwqhnUWi1i1AqpRcIl1w43AVqKQRoHAZjC8nfjNR1Sax/LejBL0I9qXPOSMGivVVLdYcsvuFGSZeHNSgjmq3eJXpxezNEJpmKBatz03MX5GleFM4LjQSTUmlA1pH9uWShqh9rPpoWNyYpUeCWNlSxoyVX9PZDTSehQFtjOiZqAXvYn4n9dOTXjtZ1wmqUHJZovCVBATk8nXpMcVMiNGllCmuL2VsAFVlBmbTcGG4C2+vEwaZ2XvsnxROy9Vbp5mceThCI7hFDy4ggrcQRXqwADhGV7hzXlwXpx352PWmnPmER7CHzifPwYjjX8=</latexit>r

<latexit sha1_base64="wtqvEU4wST55ZPyINXPA1lZsNCY=">AAAB/HicbVDLSgMxFL1TX7W+Rrt0EyyCqzIjVl1W3LisYB/QDkMmzdjQTGZIMsIwVPwTNy4UceuHuPNvTKddaOuBwOGcm3uSEyScKe0431ZpZXVtfaO8Wdna3tnds/cPOipOJaFtEvNY9gKsKGeCtjXTnPYSSXEUcNoNxtdTv/tApWKxuNNZQr0I3wsWMoK1kXy7Oih25EamQuMJkr7j2zWn7hRAy8SdkxrM0fLtr8EwJmlkNhCOleq7TqK9HEvNCKeTyiBVNMFkbDL6hgocUeXlRfAEHRtliMJYmiM0KtTfN3IcKZVFgZmMsB6pRW8q/uf1Ux1eejkTSaqpILOgMOVIx2jaBBoySYnmmSGYSGbeisgIS0y06atiSnAXv7xMOqd197zeuD2rNa+eZnWU4RCO4ARcuIAm3EAL2kAgg2d4hTfr0Xqx3q2P2WjJmldYhT+wPn8A+TKVYw==</latexit>r0

<latexit sha1_base64="hLzVvHjB9+n8+zd5Wovgk9bZZUo="></latexit>

min
⇡2⇧

sup
Q2D

H(⇡,Q)

<latexit sha1_base64="XSezqzxd0l9y1uc1MbZ8uAEAFr4="></latexit>

D := {Q 2 P(X ⇥ Y) : W(Q, P̂N )  r}
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DR-Newsvendor 

- Two-step procedure [Zhang et al., 2023]


- Solve DRO problem with policy  defined on 
historical observations of features


- Use Shapley extension to interpolate to all 
unobserved realizations of features


- Outperforms linear decision rules, kNN, 
random forest, StochOptForest
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DRO with causal transport

- [ Yang et al. 2023]  raises issue that Wasserstein 
distance distorts the conditional information 
structure


- They suggest using a Causal transport metric, 
which protects causal effects found in the data 


- Tractable reformulations obtained when:


- Linear decision rules


- Cost function is affine



Sequential learning and 
optimization

<latexit sha1_base64="ZqjRCQMoJAVocVLzxBtAF5bbrUE=">AAACFHicbVDLSsNAFJ3UV62vqks3wSLUByURX8uKG5cV7APaGiaTiR06yYSZG7GGgL/gxl9x40IRty7c+TdOH4vaeuByD+fcYe49bsSZAsv6MTIzs3PzC9nF3NLyyupafn2jpkQsCa0SwYVsuFhRzkJaBQacNiJJceByWne7F32/fkelYiK8hl5E2wG+DZnPCAYtOfn9h5u9YssV3FO9QLfkPj3wnWRcaUGHAk7TXSdfsErWAOY0sUekgEaoOPnvlidIHNAQCMdKNW0rgnaCJTDCaZprxYpGmHTxLW1qGuKAqnYyOCo1d7Timb6QukIwB+r4iwQHqr+hngwwdNSk1xf/85ox+GfthIVRDDQkw4/8mJsgzH5CpsckJcB7mmAimd7VJB0sMQGdY06HYE+ePE1qhyX7pHR8dVQonz8O48iiLbSNishGp6iMLlEFVRFBT+gFvaF349l4NT6Mz+FoxhhFuIn+wPj6BWvyoB4=</latexit>

z⇤(x, f✓)
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Learning predictors

Optimize
Data

<latexit sha1_base64="IS6SnNWouxv+XE5rzE4GibVwvfE="></latexit>

DN = {(xi,yi)}Ni=1

Predict / Estimate

Minimize estimation error.
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Learning predictors

Optimize
Data

<latexit sha1_base64="IS6SnNWouxv+XE5rzE4GibVwvfE="></latexit>

DN = {(xi,yi)}Ni=1

Predict / Estimate

Minimize estimation error.

Non-linear cost function

Maximum Log-Likelihood

 is a conditional density estimator𝑓𝜃

<latexit sha1_base64="+kirW+7S3cr5+1nOXRvGyeCMZOE="></latexit>

✓̂ = argmin
✓

1

N

NX

i=1

� log(Pf✓(xi)(y
i)) + ⌦(✓)
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Learning predictors

Optimize
Data

<latexit sha1_base64="IS6SnNWouxv+XE5rzE4GibVwvfE="></latexit>

DN = {(xi,yi)}Ni=1

Predict / Estimate

Minimize estimation error.

Linear cost function

<latexit sha1_base64="rZCu15Nv0IheqZBh9mKJ1cxEjcc="></latexit>

✓̂ = argmin
✓

1

N

NX

i=1

kg✓(xi)� yik2 + ⌦(✓)

Mean Square Error

 replaced with point predictor 

(denoted  )

𝑓𝜃

g𝜃

Non-linear cost function

Maximum Log-Likelihood

 is a conditional density estimator𝑓𝜃

<latexit sha1_base64="+kirW+7S3cr5+1nOXRvGyeCMZOE="></latexit>

✓̂ = argmin
✓

1

N

NX

i=1

� log(Pf✓(xi)(y
i)) + ⌦(✓)

<latexit sha1_base64="CDN7ZeGkPvCTGuccQHnVbjiBkJQ="></latexit>

h(z, f✓) = Ef✓(x)[y
>z] = Ef✓(x)[y]

>z = g✓(x)
>z = h(z, g✓)
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Contextual Discrete approximation

Minimizing expected costs w.r.t. a distribution is often done through SAA: 

Weighted SAA

<latexit sha1_base64="Ly/bOf6RGsLDixnoJcxp+DHoz5k="></latexit>

min
z2Z

Ef✓(x)[c(z,y)] with f✓(x) :=
1

N

NX

i=1

�yi(x)
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Contextual Discrete approximation

Minimizing expected costs w.r.t. a distribution is often done through SAA: 

Residual based
Measure the error of a trained regression 

model on the historical data
<latexit sha1_base64="vt/oWTdNqh32PBRyKpyUKbdRZbE="></latexit>

f✓(x) :=
1

N

NX

i=1

�g✓(x)+✏i

Weighted SAA

<latexit sha1_base64="Ly/bOf6RGsLDixnoJcxp+DHoz5k="></latexit>

min
z2Z

Ef✓(x)[c(z,y)] with f✓(x) :=
1

N

NX

i=1

�yi(x)
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Contextual Discrete approximation

Minimizing expected costs w.r.t. a distribution is often done through SAA: 

Residual based
Measure the error of a trained regression 

model on the historical data
<latexit sha1_base64="ffibjOYMNXbSDTc/QtE4zscYkbY="></latexit>

f✓(x) :=
1

N

NX

i=1

�g✓(x)+✏i

Weighted SAA

<latexit sha1_base64="vjKX1p6sYd/zydYuvhBfPxSzX7s="></latexit>

·wi(x)

Weight based

Measure proximity in feature space 

between  and historical covariates 𝑥 𝑥𝑖

<latexit sha1_base64="g0SXS6gpnnP07W5uN5XXMtO0uek="></latexit>

min
z2Z

Ef✓(x)[c(z,y)] with f✓(x) :=
NX

i=1

�yi
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Proximity 
in feature 

space

▪ -nearest neighbor:

▪ Kernel density estimation:

𝑘
<latexit sha1_base64="Xv4LQaNwclwIrOpTp7/w49Wku1c="></latexit>

wkNN
i (x) := (1/k)11[xi 2 Nk(x)]

<latexit sha1_base64="pzkmNEoWFAjEoWDrc4jyh1CbUi8="></latexit>

wKDE
i (x) :=

K(x,xi)
PN

j=1 K(x,xj)

Weighted SAA
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Proximity 
in feature 

space

▪ -nearest neighbor:

▪ Kernel density estimation:

𝑘
<latexit sha1_base64="Xv4LQaNwclwIrOpTp7/w49Wku1c="></latexit>

wkNN
i (x) := (1/k)11[xi 2 Nk(x)]

<latexit sha1_base64="pzkmNEoWFAjEoWDrc4jyh1CbUi8="></latexit>

wKDE
i (x) :=

K(x,xi)
PN

j=1 K(x,xj)

Supervised 
learning

▪ Decision tree:

▪ Random forest: average over set of decision trees.

Weighted SAA

<latexit sha1_base64="fPfA3ISbbKTiPYNzyTUA4Qa0Po4="></latexit>

wDT
i (x) :=

11[R(x) = R(xi)]
PN

j=1 11[R(x) = R(xj)]
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Why do sequential learning and 
optimization?

It’s fast!

It works

Theoretical guarantees

➢Train once on historical data: 
no need to solve optimization models during training

➢Can perform better than non-contextual approach

➢Can be trained using less data when model is well specified

➢Converges to optimal contextual policy as the size of the 
training set increases when model is well specified.  
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Some benchmark results (Buttler et al., 2023)

Newsvendor

Problem

Compare sequential L&O and decision rules 

on 4 data sets. 

Proportion of instances where methods achieved best performance

Models:

Kernel weights

K-nearest neighbour weights

Linear rule

Deep learning

Decision tree weights

Random forest weights
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Sequential Learning & Optimization 
References



Going beyond SLO: 
Integrated learning and optimization



Going beyond SLO: 
Integrated learning and optimization

<latexit sha1_base64="ZqjRCQMoJAVocVLzxBtAF5bbrUE=">AAACFHicbVDLSsNAFJ3UV62vqks3wSLUByURX8uKG5cV7APaGiaTiR06yYSZG7GGgL/gxl9x40IRty7c+TdOH4vaeuByD+fcYe49bsSZAsv6MTIzs3PzC9nF3NLyyupafn2jpkQsCa0SwYVsuFhRzkJaBQacNiJJceByWne7F32/fkelYiK8hl5E2wG+DZnPCAYtOfn9h5u9YssV3FO9QLfkPj3wnWRcaUGHAk7TXSdfsErWAOY0sUekgEaoOPnvlidIHNAQCMdKNW0rgnaCJTDCaZprxYpGmHTxLW1qGuKAqnYyOCo1d7Timb6QukIwB+r4iwQHqr+hngwwdNSk1xf/85ox+GfthIVRDDQkw4/8mJsgzH5CpsckJcB7mmAimd7VJB0sMQGdY06HYE+ePE1qhyX7pHR8dVQonz8O48iiLbSNishGp6iMLlEFVRFBT+gFvaF349l4NT6Mz+FoxhhFuIn+wPj6BWvyoB4=</latexit>

z⇤(x, f✓)
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Wrong predictions lead to suboptimal decisions

Figure adapted from [Elmachtoub and Grigas 2022]

<latexit sha1_base64="VtVfwIePl4JRxgRDFf7/TcP3lb8=">AAAB8nicbVDLSgMxFL3js9ZX1aWbYBFclRnxtay4cVnBPnA6lEyatqGZyZDcEcpQ8CfcuFDErV/jzr8x03ahrQcCh3NuuOeeMJHCoOt+O0vLK6tr64WN4ubW9s5uaW+/YVSqGa8zJZVuhdRwKWJeR4GStxLNaRRK3gyHN7nffOTaCBXf4yjhQUT7segJRtFKfjuiOGBUZg/jTqnsVtwJyCLxZqQMM9Q6pa92V7E04jEySY3xPTfBIKMaBZN8XGynhieUDWmf+5bGNOImyCaRx+TYKl3SU9q+GMlE/f0jo5Exoyi0k3lEM+/l4n+en2LvKshEnKTIYzZd1EslQUXy+0lXaM5QjiyhTAublbAB1ZShbaloS/DmT14kjdOKd1E5vzsrV6+fpnUU4BCO4AQ8uIQq3EIN6sBAwTO8wpuDzovz7nxMR5ecWYUH8AfO5w+/PpH5</latexit>Z

<latexit sha1_base64="1rrLk4U8Y6tH2mdUh85Xq9vheXI=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiCIhzAjbseIF48RzQLJGHo6laRJT8/Q3SPEIeAPePGgiFe/yJt/Y2c5aOKDgsd7VVTVC2LBtXHdbyezsLi0vJJdza2tb2xu5bd3qjpKFMMKi0Sk6gHVKLjEiuFGYD1WSMNAYC3oX4382gMqzSN5ZwYx+iHtSt7hjBor3T7eH7XyBbfojkHmiTclBZii3Mp/NdsRS0KUhgmqdcNzY+OnVBnOBA5zzURjTFmfdrFhqaQhaj8dnzokB1Zpk06kbElDxurviZSGWg/CwHaG1PT0rDcS//Maielc+CmXcWJQssmiTiKIicjob9LmCpkRA0soU9zeSliPKsqMTSdnQ/BmX54n1eOid1Y8vTkplC6fJnFkYQ/24RA8OIcSXEMZKsCgC8/wCm+OcF6cd+dj0ppxphHuwh84nz8rjo4j</latexit>

z⇤
Suboptimal


decision

optimal

 decision

<latexit sha1_base64="66qWyKTNiQ2xXxNseqxiFnQCknc="></latexit>

k✏1k  k✏2k

<latexit sha1_base64="5ro3n/dcQTCoGONbcBDRD0K+nj4="></latexit>

max
z2Z

y>z
<latexit sha1_base64="H0whdWDvyaUO6QN5VYiVBHmKE4k="></latexit>

ŷ + ✏2
<latexit sha1_base64="VHfGtH8+JUAqQI80oeVvOkSSqoI="></latexit>

ŷ + ✏1

<latexit sha1_base64="cNZxiubMHH98UdpWIzEXxAZosYw="></latexit>y
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Task loss


ILO training pipeline

Prediction 
model


Fixed decision rule


• [Bengio 1997] : Task-aware point prediction under a fixed 
decision rule

<latexit sha1_base64="brBbIInvrbED+SSk80CDziwVb3U=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0WsICURX8uKm66kgn1AE8JkOrVDJ5MwMxFqCPgDbvwVNy4UcevSnX/jJO1CWy8MHM65c++5x48Ylcqyvo3C3PzC4lJxubSyura+YW5utWQYC0yaOGSh6PhIEkY5aSqqGOlEgqDAZ6TtDy8zvX1HhKQhv1GjiLgBuuW0TzFSmvLMfSefkWiacIVSWK/cHzoDpBInQGrg+0kjTb2rA88sW1UrLzgL7Akog0k1PPPL6YU4DvRUzJCUXduKlJsgoShmJC05sSQRwkO9t6shRwGRbpKbSeGeZnqwHwr9uII5+/tHggIpR4GvOzOXclrLyP+0bqz6525CeRQrwvF4UT9mUIUwSwf2qCBYsZEGCAuqvUI8QAJhpTMs6RDs6ZNnQeuoap9WT66Py7WLh3EcRbADdkEF2OAM1EAdNEATYPAInsEreDOejBfj3fgYtxaMSYTb4E8Znz8xY525</latexit>

H(z, P̂N )<latexit sha1_base64="LP+44Vj4AJ8GWEXun2CkFsPTOsY="></latexit>

N (✓>x, 1)

<latexit sha1_base64="1/LAhgqOYWuJ2TL09PJyYv8g1h4="></latexit>

✓  ✓ � ⌘r✓H(ẑ(x,N (✓>x, 1)), P̂N )

<latexit sha1_base64="0fZiKqQBCa6TzJfuiUne9kZfAHU="></latexit>

ẑ(x,N (✓>x, 1)) := . . .
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Task loss
Prediction 
model


Optimization model


• [Donti et al. 2017] : Task-aware conditional density prediction 
under CSO model

ILO training pipeline

<latexit sha1_base64="brBbIInvrbED+SSk80CDziwVb3U=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0WsICURX8uKm66kgn1AE8JkOrVDJ5MwMxFqCPgDbvwVNy4UcevSnX/jJO1CWy8MHM65c++5x48Ylcqyvo3C3PzC4lJxubSyura+YW5utWQYC0yaOGSh6PhIEkY5aSqqGOlEgqDAZ6TtDy8zvX1HhKQhv1GjiLgBuuW0TzFSmvLMfSefkWiacIVSWK/cHzoDpBInQGrg+0kjTb2rA88sW1UrLzgL7Akog0k1PPPL6YU4DvRUzJCUXduKlJsgoShmJC05sSQRwkO9t6shRwGRbpKbSeGeZnqwHwr9uII5+/tHggIpR4GvOzOXclrLyP+0bqz6525CeRQrwvF4UT9mUIUwSwf2qCBYsZEGCAuqvUI8QAJhpTMs6RDs6ZNnQeuoap9WT66Py7WLh3EcRbADdkEF2OAM1EAdNEATYPAInsEreDOejBfj3fgYtxaMSYTb4E8Znz8xY525</latexit>

H(z, P̂N )<latexit sha1_base64="5Pn6si+H0WBZgjuiUBRNjfG/f6I=">AAACFHicbVDLSsQwFE19juOr6tJNcBBGhKEVX8sRNy5HcB4wLSVNUydMmpYkFYdS8Bfc+CtuXCji1oU7/8a0Mwud8ULI4Zybe0+OnzAqlWV9G3PzC4tLy5WV6ura+samubXdkXEqMGnjmMWi5yNJGOWkrahipJcIgiKfka4/vCz07h0Rksb8Ro0S4kboltOQYqQ05ZmH0CmHZJonXKEchl7mqAHRsO74MQvkKNJXdp8feGbNalhlwVlgT0ANTKrlmV9OEOM00oMxQ1L2bStRboaEopiRvOqkkiQID/XqvoYcRUS6Weknh/uaCWAYC324giX7+0WGIll4050RUgM5rRXkf1o/VeG5m1GepIpwPF4UpgyqGBYJwYAKghUbaYCwoNorxAMkEFY6x6oOwZ7+8izoHDXs08bJ9XGtefEwjqMCdsEeqAMbnIEmuAIt0AYYPIJn8ArejCfjxXg3Psatc8Ykwh3wp4zPHy0Pn/U=</latexit>

f✓(x)

<latexit sha1_base64="zB2KylGKx4+Glt4ZUT2GojkA5O4="></latexit>

z⇤(x, f✓(x))

= argmin
z2Z

h(z, f✓(x))

<latexit sha1_base64="NHEuSExmnMFdjbZMerah5V9CvKc="></latexit>

✓  ✓ � ⌘r✓H(z⇤(x, f✓(x), P̂N )

• [Bengio 1997] : Task-aware point prediction under a fixed 
decision rule
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How to differentiate through argmin 
operation?

- Implicit differentiation through KKT conditions for convex 
problems


- Unroll the operations made by the optimization process:

- Differentiate through its computational graph

- Implicit differentiation of the fixed point equations at local 

optimum [Butler and Kwon, 2023] and [Kotary et al. 2023]

- Replace optimizer with a differentiable deep neural network 

[Grigas et al. 2021]

- Libraries: TorchOpt [Bilevel], CvxpyLayer [Convex], PyEPO 

[Linear] 

<latexit sha1_base64="ZqjRCQMoJAVocVLzxBtAF5bbrUE=">AAACFHicbVDLSsNAFJ3UV62vqks3wSLUByURX8uKG5cV7APaGiaTiR06yYSZG7GGgL/gxl9x40IRty7c+TdOH4vaeuByD+fcYe49bsSZAsv6MTIzs3PzC9nF3NLyyupafn2jpkQsCa0SwYVsuFhRzkJaBQacNiJJceByWne7F32/fkelYiK8hl5E2wG+DZnPCAYtOfn9h5u9YssV3FO9QLfkPj3wnWRcaUGHAk7TXSdfsErWAOY0sUekgEaoOPnvlidIHNAQCMdKNW0rgnaCJTDCaZprxYpGmHTxLW1qGuKAqnYyOCo1d7Timb6QukIwB+r4iwQHqr+hngwwdNSk1xf/85ox+GfthIVRDDQkw4/8mJsgzH5CpsckJcB7mmAimd7VJB0sMQGdY06HYE+ePE1qhyX7pHR8dVQonz8O48iiLbSNishGp6iMLlEFVRFBT+gFvaF349l4NT6Mz+FoxhhFuIn+wPj6BWvyoB4=</latexit>

z⇤(x, f✓)
<latexit sha1_base64="28I/1m/xSeMoVNO8uzcWGUeyUko="></latexit>

✓  ✓ � ⌘r✓H(z⇤(x, f✓(x)), P̂N )



• Regret minimization [Elmachtoub & Grigas, 2022]:  

33

Smart “Predict, then optimize”

<latexit sha1_base64="1bnfhoerSqY/RLEFqeSUGbBlEdQ="></latexit>

H(z⇤(x, f✓),P) := EP[c(z
⇤(x, f✓),y)]



• Regret minimization [Elmachtoub & Grigas, 2022]:  
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Smart “Predict, then optimize”

<latexit sha1_base64="1bnfhoerSqY/RLEFqeSUGbBlEdQ="></latexit>

H(z⇤(x, f✓),P) := EP[c(z
⇤(x, f✓),y)]

<latexit sha1_base64="z96UyWBfImfZvwcbU5FG+7odjYY="></latexit>

EP[c(z⇤(x, f✓),y)�minz2Z c(z,y)]



• Regret minimization [Elmachtoub & Grigas, 2022]:  
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Smart “Predict, then optimize”

- Non-convex and discontinuous in 


- Replace with SPO+: 
 
where 


<latexit sha1_base64="4JsxsPfVfnM54bJi56lpvvRGtm0="></latexit>

min
✓

EP
⇥
`SPO+(g✓(x),y)

⇤
with `SPO+(ŷ,y) := sup

z2Z
(y�2ŷ)Tz+2ŷTz⇤(x,y)�yTz⇤(x,y),

<latexit sha1_base64="qoYW1jB9mD8Z1v3dzlKNVhTxz/M="></latexit>

min
✓

EP
⇥
`SPO+(g✓(x),y)

⇤

<latexit sha1_base64="epc9cBSMOBE14u5BrPwX89/H84w="></latexit>

✓

<latexit sha1_base64="1bnfhoerSqY/RLEFqeSUGbBlEdQ="></latexit>

H(z⇤(x, f✓),P) := EP[c(z
⇤(x, f✓),y)]

<latexit sha1_base64="z96UyWBfImfZvwcbU5FG+7odjYY="></latexit>

EP[c(z⇤(x, f✓),y)�minz2Z c(z,y)]
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Smart “Predict, then optimize”

- Non-convex and discontinuous in 


- Replace with SPO+: 
 
where 


<latexit sha1_base64="4JsxsPfVfnM54bJi56lpvvRGtm0="></latexit>

min
✓

EP
⇥
`SPO+(g✓(x),y)

⇤
with `SPO+(ŷ,y) := sup

z2Z
(y�2ŷ)Tz+2ŷTz⇤(x,y)�yTz⇤(x,y),

<latexit sha1_base64="qoYW1jB9mD8Z1v3dzlKNVhTxz/M="></latexit>

min
✓

EP
⇥
`SPO+(g✓(x),y)

⇤

<latexit sha1_base64="epc9cBSMOBE14u5BrPwX89/H84w="></latexit>

✓

<latexit sha1_base64="1bnfhoerSqY/RLEFqeSUGbBlEdQ="></latexit>

H(z⇤(x, f✓),P) := EP[c(z
⇤(x, f✓),y)]

<latexit sha1_base64="z96UyWBfImfZvwcbU5FG+7odjYY="></latexit>

EP[c(z⇤(x, f✓),y)�minz2Z c(z,y)]

- Solve an optimization problem at each iteration


- SPO+ has slower convergence rate than SLO approach


- If model misspecified, SPO+ can outperform SLO
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Optimal action imitation

- Imitation performance metric:

Imitation-
based loss

Prediction 
layer Optimization model

<latexit sha1_base64="1bnfhoerSqY/RLEFqeSUGbBlEdQ="></latexit>

H(z⇤(x, f✓),P) := EP[c(z
⇤(x, f✓),y)]
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Optimal action imitation

- Imitation performance metric:

Imitation-
based loss

Prediction 
layer Optimization model

<latexit sha1_base64="KoT+B2gqdNMSnrjm54V7sGw8u/A="></latexit>

EP̂N
[d(z⇤(x, f✓), z

⇤(x,y)]
<latexit sha1_base64="1bnfhoerSqY/RLEFqeSUGbBlEdQ="></latexit>

H(z⇤(x, f✓),P) := EP[c(z
⇤(x, f✓),y)]
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Optimal action imitation

- Imitation performance metric:

Imitation-
based loss

Prediction 
layer Optimization model

<latexit sha1_base64="KoT+B2gqdNMSnrjm54V7sGw8u/A="></latexit>

EP̂N
[d(z⇤(x, f✓), z

⇤(x,y)]
- Training based on perturbed optimizers:


- [Berthet et al., 2020] uses additive perturbation of point prediction

- [Dalle et al. , 2022] uses multiplicative perturbations

- [Mulamba et al., 2021] and [Kong et al., 2022] uses energy-based 

optimizer

<latexit sha1_base64="1bnfhoerSqY/RLEFqeSUGbBlEdQ="></latexit>

H(z⇤(x, f✓),P) := EP[c(z
⇤(x, f✓),y)]

<latexit sha1_base64="eeLq2TESRKrulpMQZ4yxjZRwZZw="></latexit>

z̃(x, f✓) ⇠
exp(�↵h(z, f✓(x))R
exp(�↵h(z, f✓(x))dz
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 ILO outperforms SLO

Source: [Grigas et al. 2021]
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Comparison of different approaches

Load forecasting and generator scheduling problem

Source: [Kong et al. 2022]
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Take-away messages
- Contextual stochastic optimization is a rapidly evolving 

field that provides methods for identifying data-driven 
decision that exploit most recently available information.


- Three types of approaches:

- Decision rule/policy optimization

- Sequential learning and optimization

- Integrated learning and optimization


- Four types of performance measures:

- Statistical accuracy of prediction model

- Task-based expected cost of induced policy

- Task-based expected regret of induced policy

- Quality of imitation


- Many potential applications ?

(Link to survey paper)
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