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1. Introduction

Stochastic programming can effectively describe manysi@eimaking problems in uncertain environ-
ments. For instance, given that one is interested in solviognvex optimization problem of the type
minimize h(x,€) ,

whereX is a convex set of feasible solutions ahdr, £) is a convex cost function ir that depends on
some vector of parametegs it is often the case that at the time of optimization, theapsaters have not
yet been fully resolved. For example, an investment maneayamnot know the exact return for all available
securities, or in a different context, a manufacturing ngamamight not know the exact amount of future
demand.

If one chooses to represent his uncertainty algotitrough a distribution?’, one can instead resort to
minimizing the expected cost. This leads to solving a stettb@rogram:

(SP) mirmliergclize E[h(x,€)] ,

where the expectation is taken with respect to the randoranpeters¢ € R™. Thus, based on a well
formulated stochastic model, our investment banker canatmese a portfolio of stocks which maximizes
long-term expected return, or similarly our manufactuoegnpany can take an early decision which leads
to the highest expected profits. Unfortunately, althoughSPR is a convex optimization problem, in order to
solve it one must often resort to Monte Carlo approximati@es Shapiro and Homem-de-Mello (2000)),
which can be computationally challenging. A more challegglifficulty that arises in practice is the need
to commit to a distributiorf’ given only limited information about the stochastic paréane
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In an effort to address these issues, a robust formulatiorstfichastic programming was proposed
by Scarf (1958). In this model, after defining a gebf probability distributions that is assumed to include
the true distribution’, the objective function is reformulated with respect to Wwst case expected cost
over the choice of a distribution in this set. Hence, thislet@ solving the Distributionally Robust Stochas-
tic Program:

(DRSP) minimize (I}glezxz))i Eﬂh(m,ﬁ)]) ,
whereE -] is the expectation taken with respect to the random veatfiven that it follows the probability
distribution .

Since its introduction, this model has gained a lot of irdene the context of computing upper bounds
on the moment of a random vectae(, the moment problem as reviewed in Landau (1987)), of cdimgu
upper bounds on the optimal value of a stochastic progem, (n Birge and Wets (1987) and in Kall
(1988)), and of providing robust decisions when distribainformation is limited (e.g. in Dupacova (1987)
and in Shapiro and Kleywegt (2002)).

Depending on the context, authors have considered a widge rainforms for the distributional sé?.
Interestingly, if one uses the distributional set that aomg distributions that put all of their weight at a
single point in the parameter’s support etthen the DRSP reduces to the so-called robust optimization
problem €.g, in Ben-Tal and Nemirovski (1998) and in Bertsimas et al0&). Otherwise, in Lagoa
and Barmish (2002) and in Shapiro (2006), the authors censicset containing unimodal distributions
that satisfy some given support constraints. Under somdittons onh(x, &), they characterize the worst
distribution as being the uniform distribution. The mospptar type of distributional s&d imposes linear
constraints on moments of the distribution as is discuss&tarf (1958), in Dupacova (1987), in Prékopa
(1995) and in Bertsimas and Popescu (2005). While many noonesf of distributional set can be found in
the literature (see Dupacova (2001) and reference tHeminwork falls in the category of approaches that
consider constraints on the first and second moments of strébdition.

In order to make the DRSP model tractable, approaches thaidamr moment constraints have typically
assumed that these moments are known exactly. For instenbés original model, Scarf considered a
newsvendor problem with a one dimensional decision vagiabhd a single parametgrwhich represented
respectively how much inventory the vendor should hold amdralom amount, with known mean and
variance, of demand for the newspapers. The cost functidritteformh(z,£) = max{c(z — &) , r(§ —
x)}}. To solve this model, Scarf exploited the fact that the weeste distribution of demand could be
chosen to be one with all of its weight on two points. This idess reused in Yue et al. (2006), in Zhu
et al. (2006), and in Popescu (2007) where, although thectiigefunction takes more interesting forms,
the authors assume known first and second moments of theastactiemand. Moreover, in each case, the
proposed solution method relies on characterizing thetveaise distribution as a point distribution.

The computational difficulties related to dealing wglof larger dimension and with richer objective
functions have limited the practical application of the IR®odel. More specifically, it is rare that the
worst case moment expression can be simplified analytjdidéyin the linear chance constraint problem
considered in Calafiore and El Ghaoui (2006). Instead, itdasenaommon that the model is intractable and
that only global optimization methods can be used to get #imapsolution €.g, in Ermoliev et al. (1985)
and in Gaivoronski (1991)). Furthermore, the current apphes can lead to a false sense of security since
they often falsely assume exact knowledge of mean and @n@istatistics for the stochastic parameters.
In many data-driven problems, one must estimate these nisiinased on limited historical data assumed to
be drawn fromF'. As the experiment presented in Section 4 will demonstdhseegarding the uncertainty
(or noise) in these estimates can lead to taking poor dessio

The main contribution of this paper is two-fold. First, wegent a new sdb of distributions that takes
into account the knowledge of the distribution’s suppord a@h a confidence regioffior its mean and its
second moment matrix. In Section 2, we show that under tBisillitional set the DRSP can be solved in
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polynomial time for a large range of objective functionsfdot, the structure of our distribution set allows
us to solve instances of the DRSP that are known to be inbiectamder a moment matching approach (see
Example 1 of Section 2.3 for more details). As a second daurticn, in Section 3, after deriving a new
form of confidence region for a covariance matrix, we show bawproposed distributional set can be well
justified when addressing data-driven probleiss,(problems where the knowledge §fs solely derived
from historical data). Finally, our model is applied to a timlio selection problem in Section 4. In the
context of this application, our experiments demonstriade, tbesides computational advantages, we will
provide empirical evidence that our DRSP approach addsessee effectively the true uncertainty that is
present in the daily return of stocks.

2. Robust Stochastic Programming with Moment Uncertainty

As we mentioned earlier, it is often the case in practice tmet has limited information about the dis-
tribution F' driving the uncertain parameters which are involved in theislon making process. In such
situations, it might instead be safer to rely on estimatethefmearnu, and covariance matri¥, of the
random vectore.g, using empirical estimates. However we believe that ihgquroblems, it is also rarely
the case that one is entirely confident in these estimatesthioreason, we propose representing this
uncertainty using two constraints parameterizedpy 0 and~, > 1:

(EE] = o) "S5 (B[] — o) <m (1a)
E (& — 1) (€ — 1o)"] =723 . (1b)

While Constraint (1a) assumes that the meag lés in an ellipsoid of size, centered at the estimage,,
Constraint (1b) forceE [(& — u)(€ — p,) "], which we will refer to as the centered second moment matrix
of &, to lie in a positive semi-definite cone defined with a matnixquality. In other words, it describes how
likely & is to be close tq, in terms of the correlations expressedip. Finally, the parameterg, and~,
provide natural means of quantifying one’s confidencgjrand, respectively.

In what follows, we will study the DRSP model under the disitional set

P(éeS) =1
Di(S, 1o, Bosm,72) = § Fe M| (E[€] = o) 'S (E[E] = po) < p
E[(§ = o) (€ — o) "] = 71230

where M is the set of all probability measures on the measurablees@&¢,5), with B the Borel
c-algebra onR™, andS C R™ is any closed convex set known to contain the support’ofThe set
Dy (S, g, X0,71,72), Which will also be referred to in short-hand notationZ2s can be seen as a gen-
eralization of many previously proposed sets. For exanlésS, u,, I,0,00) imposes exact mean and
support constraints as is studied in Dupacova (1987) ari8leitsimas and Popescu (2005). Similarly,
Di(R™, uy, X0, 0,1) relates closely to the exact mean and covariance matrixreonis considered in Scarf
(1958), in Yue et al. (2006), and in Popescu (2007). We widirsshow that there is a lot to be gained, both on
atheoretical and practical point of view, by formulating RSP model using the sB{ (S, g, o, V1,72)
which constrains all three types of statistics: supporamend second moment matrix.

REMARK 1. While our proposed uncertainty model cannot be used toesgmn arbitrarily large confi-
dence in the second-order statistics£pfn Section 3 we will show how in practice there are naturaysva
of assigningu,,, X, 7, andy, based on historical data. Of course, in some situationsgghhfie interesting

to add the following constraint:

Y330 ﬁE[(s_No)(s_No)T] ) 2)

where( < 3 < .. Unfortunately, this leads to important computationaficifities for the DRSP model.
Furthermore, in most applications of our model, we expeettbrst case distribution to actually achieve
maximum variance, thus making Constraint (2) irrelevant. &ample, an instance of the portfolio opti-
mization problem presented in Section 4 will have this ctimstic.
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2.1. Complexity of the Inner Moment Problem

We start by considering the question of solving the innerimaation problem of a DRSP that uses the set
D,.

DEFINITION 1. Given any fixede € X, let ¥(x;v,,7.) be the optimal value of the moment problem:

maximize E p[h(x,£&)] , (3)

F e Dy

whereE -] is the expectation taken with respect to the random veatfiren that it follows the probability
distributionF' € D;.

SinceF is a probability measure ofiR™, B), Problem (3) can be described as the conic linear problem:

max}rmize /s h(x,&)dF () (4a)
subject to / dF(€) =1 (4b)
S
[ (€= )= ar(©) <2, (4c)
3 (& — 1)
[ e €k |are =0 (ac)
FeM . (4e)

As it is often done with moment problems of this form, we canuwnvent the difficulty of finding the opti-
mal value of this problem by making use of duality theory (Reekafeller (1970) and Rockafeller (1974)
for a detailed theory of duality in infinite dimensional cemvproblems and both Isii (1963) and Shapiro
(2001) for the case of conic linear moment problems).

LEMMA 1. For a fixedz € R", suppose that, > 0, v, > 1, X > 0, and thath(x, £) is F-integrable for
all F € D,. Then,¥(x;v,,v2) must be equal to the optimal value of the problem:

mglimitze r+t (5a)

g7,

subjectto r>h(z,£) —€ QE—€'q VEES (5b)
t> (S0 + ol ) e Q + poq+ A1 150 (a+2Qu,)| (5¢)
Q=0 (5d)

where( A e B) refers to the Frobenius inner product between matri€@s, R™*™ is a symmetric matrix,
the vectorg € R™, and r,t € R. In addition, if ¥(x;~,,72) is finite then the set of optimal solutions to
Problem(5) must be non-empty.

We defer the proof of this Lemma to the appendix since it isréseilt of applying some well established
concepts in duality theory.

To show that there exists a tractable solution method forisglProblem (5), we employ a famous
equivalence between convex optimization and separatiarcofivex set from a point.

LEMMA 2. (Grdtschel et al. (1981)) Consider a convex optimization gFobbf the form
minimize ¢'z
zeZ

with linear objective and convex feasible st Given that the set of optimal solutions is non-empty, the
problem can be solved to any precisiom time polynomial inog(1/¢) and in the size of the problem by
using the ellipsoid method if and only4f satisfies the following two conditions :
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1. for any z, it can be verified whethex € Z or not in time polynomial in the dimension of
2. for any infeasiblez, a hyperplane that separatesfrom the feasible se€ can be generated in time
polynomial in the dimension af.

A first application of this lemma leads to quantifying thefidiflty of solving the feasibility problem
associated with Constraint (5b).

AsSsSUMPTION1. The support sef C R™ is convex and compact (closed and bounded), and it is eqdippe
with an oracle that can for ang € R™ either confirm thag € S or provide a hyperplane that separatg¢s
from S in time polynomial inm.

LEMMA 3. Let functionh(x, £) be concave i and be such that one can provide a super-gradiert iof
time polynomial inm. Then, under Assumption 1, for any fixed assignreed > 0, andg, one can find
an assignmeryg, that ise-optimal with respect to the problem

mayiignize t (6a)
subject to ¢ < h(x,&) —£'QE—¢'q (6b)
£es, (6¢c)

in time polynomial inog(1/¢) and the size of the problem.

Proof: First, the feasible set of the problem is convex si@ce 0 so thath(z, &) — £'Q€ —€'q is a
concave function irf. Because is compact, the set of optimal solutions for Problem (6) exdifiore non-
empty. By Assumption 1, conditions (1) and (2) of Lemma 2 ae¢ for Constraint (6¢). On the other hand,
feasibility of Constraint (6b) can be verified directly afthe evaluation of.(x, £); furthermore, for an
infeasible assignment€, 7), the following separating hyperplane can be generatedlimpmial time:

l— (Vﬁh($7 é) - 2QE - Q)Tf < h(iII, E) - Vﬁh(wa E)Té + ETQE )

whereV¢h(z, &) is a super-gradient di(x, -). It follows from Lemma 2 that the ellipsoid method will
converge to am-optimal solution in polynomial time. [J

We are now able to derive an important result about the coxitplef solving Problem (5) under a general
form for h(x, £).

ASSUMPTIONZ2. The functiomi(x,£) has the formh(x,§) = max,ecq1,. k3 hi(x, &) such that for each
k, hi.(x, &) is concave irg. In addition, given a paifx, £), it is assumed that one can in polynomial time:
1. evaluate the value dfy (x, &)
2. find a super-gradient o, (x, &) in €.
Furthermore, for anyr € R", g € R™, and any positive semi-defini@ € R™*™, the set{y ¢ R | 3¢ €
S, y<h(x,€) —q'€ — £ Q¢€} is closed.

PrROPOSITION]. Given thatS satisfies Assumption 1 and thatr, £) satisfies Assumption 2 and satisfies
the condition of Lemma 1, then Probl€5) is a convex optimization problem whose optimal value isgfinit
and equal to¥ (x; v, 7). Moreover, Problent5) can be solved to any precisienn time polynomial in
log(1/¢€) and the size of the problem.

Proof: First, the constraints of Problem (5) describe a egnset since for an¥ € S the function
h(z, &) — £'QE — £ q is linear in(Q, q), and the functiorfy, o + poud) ® Q + uiq + 1 |26 (g +
2Qu,)|l is convex in(@Q, g). The feasible set is also non-empty since the assign@entl, g =0, t =
trace (7,20 + pokd) + 2071 126 Boll, 7 = supecs maxyeqi. xy hil(z, &) — €))% is necessarily fea-
sible. Note that the assumption that edglix, £) is concave ensures that such an assignment éxists.
Based on Lemma 1 and the fact that the optimal value of ProB¢iis bounded below by (x, ) , since
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the Dirac measure),,, is in D;, we can conclude thalt(x; 1, 7. ) is finite and that the optimal solution set
of Problem (5) is non-empty.

We can now use Lemma 2 to show that Problem (5) can be solveiaffy given that we verify the two
conditions for each of its constraints. In the case of Casti(5d), feasibility can be verified i@ (m?)
arithmetic operations. Moreover, a separating hyperptande generated, if necessary, based on the eigen-
vector corresponding to the lowest eigenvalue. The fdagilmf Constraint (5c) is also easily verified.
Based on an infeasible assignmé@, g, 7,7), a separating hyperplane can be constructed in polynomial
time:

(1220 + ot + Vog(Q,7)) e Q+ (110 +Ve9(Q,0)) 'q—t < V49(Q.0) "+ Va9(Q.7) e Q—9(Q,q),

where g(Q,q) = 71 ||1=/*(q + 2Qu,)|| and whereVog(Q,q) and V,9(Q, q) are the gradients of
9(Q,q) in Q andq respectively. Finally, given the assumed structuré.@f, £), Constraint (5b) can be
decomposed int& sub-constraints

r>h(x,€) -6 QE—E'qgVEecS Ve {l,2,.. K}

Considering thé:-th sub-constraint, Lemma 3 states thap, s hi(x,§) — £'Q¢ — £"q can be solved

to any precisiore in polynomial time. Given that the optimal value is found ® &bover + ¢, one can
conclude infeasibility of the constraint and generate &oeiated separating hyperplane using any optimal
solutiong, as follows:

(€. )eQ+E& g+ >h () .

SinceK is finite, the conditions derived from Grotschel et al. (1P8re necessarily met by Problem (5).
We therefore conclude that(x;~,,7.) can be computed up to any precisioin polynomial time using
the ellipsoid method. [

2.2. Complexity of the Distributionally Robust Stochastic Program

Based on our result with the inner moment problem, we can muress the existence of a tractable solution
method for the DRSP model under the distributionalBet

minimize <Fnéa7)§l EF[M%&)]) (7a)
subjectto z € X . (7b)

AssumMPTION3. The sett’ C R" is convex and compact (closed and bounded), and it is eqdipfib an
oracle that can for anyg € R™ either confirm thatc € X or provide a hyperplane that separatesrom X’
in time polynomial im.

ASSUMPTION4. The functiom(x, &) is convex ine. In addition, it is assumed that one can find in poly-
nomial time a sub-gradient éf(x, &) in «.

Based on these new assumptions, the proposition that fekbates that the distributionally robust opti-
mization model is tractable.

PrRoPOSITION2. Giventhatassumptions 1, 2, 3, and 4 hold, then the DRSP muoatanted in Problerf)
can be solved to any precisiernn time polynomial inog(1/¢) and the sizes aof and€.

Proof: The proof of this theorem follows similar lines as pgreof for Proposition 1. We first reformulate
the inner moment problem in its dual form, we then use thetfattmin-min operations can be performed



Delage and Ye: Distributionally Robust Optimization under Moment Uneémty
Operations Research 00(0), pp. 000-0@DP000 INFORMS 7

jointly and that the constraint involvinly(x, £) decomposes. This leads to an equivalent convex optimiza-
tion form for Problem (7):

migimizte r+t (8a)

x,,q,T,

subject to > hy(x,&) —€ ' QE—€'q , VEES, ke{l,...,K} (8b)
t> (1220 + popg) ¢ Q + pyq + v I1Z5% (g +2Qu, )| (8c)
Q>0 (8d)
recX . (8e)

As in the proof of Proposition 1, we need to show that the gtlig method can be successfully applied.
Becauset' is compact and non-empty, similar arguments to those pred@mProposition 1 ensure that the
optimal solution set is once again non-empty. Regardinglitoms (1) and (2) on the feasible set, the argu-
ments that were presented in the proof of Proposition lagtitlly for Constraint (8¢) and Constraint (8d).
However, the argument for Constraint (8b) needs to be tedisincer is now considered an optimiza-
tion variable. Feasibility of an assignmeat, Q, g, 7) can still be verified in polynomial time because of
Lemma 3 and of the fact thd{ is finite. However, in the case that one of the indexed coimitrasay the
k*-th one, is found to be infeasible, one now needs to genesdparating hyperplane using the worst case
&, andV hi(z, €, ), a sub-gradient o« (+,&,) atx:

(€.£.")0Q+E& "q+ 71— Voh (2,8,) > (2,€,) — Vohys (2,€,)'T

Since by Assumption 4, a sub-gradievit.h,(z,£&,) can be obtained in polynomial time and since, by
Assumption 3, the conditions are met for Constraint (8e)cam conclude that Lemma 2 can be applied.
Problem (8) can therefore be solved to any precision in potyial time. [

We believe this result should be of high significance for b#oreticians and practitioners as it indi-
cates that, ifnin,, maxgcs h(x,§) is a tractable robust optimization probleoi.( Ben-Tal and Nemirovski
(1998) and Bertsimas et al. (2008)), then the less-conseeVaRSPmin, maxrcp, E p[h(x, )] is also
tractable. In some cases, the inner moment problem mightlexeeducible (see Section 4 for an example).
Moreover, one also has access to the wide spectrum of mefiiodsbust optimization problems: ranging
from methods that use cutting planes more efficiently tharetlipsoid method such as in Goffin and Vial
(1993), in Ye (1997), and in Bertsimas and Vempala (2004néthods that approximate the feasible set
with a finite number of sampled constraints such as in de &aria@ Van Roy (2001) and in Calafiore and
Campi (2005).

REMARK 2. The constraing > 0 plays an important role in making Problem (7) solvable inypolmial
time. This constraint corresponds to the second momeniiagquality in the construction of our dis-
tribution setD;. If the inequality is replaced by an equality, th@nbecomes “free” and Problem (6) is no
longer ensured to be a convex optimization problem. Thidaéxg why many DRSP problems under the
“exact covariance constraint” actually become intraaabl

REMARK 3. We also remark that the condition, in Assumption 1, thdte bounded is only imposed in
order to simplify the exposition of our results. In the cas&t S is unbounded, Proposition 1 and Propo-
sition 2 will hold as long as feasibility with respect to Caamt (5b) can be verified in polynomial time.
In fact, given an infeasible assignmétt Q, @, 7), one can interrupt the solution process for Problem (6)
when the achieved maximum is higher tharnThis is guaranteed to occur in polynomial time since either
the problem is unbounded above or the set of optirth&r Problem (6) is non-empty due to the technical
condition in Assumption 2.
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2.3. Examples

Because our framework only imposes weak conditions(@n &) through Assumption 2 and Assumption 4,
it is possible to revisit many popular forms of stochastimgygams and reformulate them taking into account
distribution and moment uncertainty.

ExamMPLE 1. Optimal Inequalities in Probability Theory
Consider the problem of finding a tight upper boundiig < C) for a random vectog¢ with known mean
and covariance matrix, and some closed’s&y formulating this problem as a semi-infinite linear pragr.

ma%(ierlr)lize /S]l{ée(f}dF(E) , 9)

many have proposed methods that provide extensions to fheégraChebyshev inequality (see Marshall and
Olkin (1960) and Bertsimas and Popescu (2005)). Howevesegltmethods fail when dealing with support
constraints. More specifically, @ is a finite union of disjoint convex sets, it is known that fooBlem (9)
with unconstrained suppor§ = R™, the worst case value can be found in polynomial time. Buthéf
support is constrained, such &s= R*, then the problem is known to potentially be NP-hard. In féut
hardness of this last problem arises already in finding ailoigion that is feasible.

Our framework recommends to relax the restrictions on thegance of¢ and to instead consider the
distributional seD, (S, i, 0, 71,72). Such a distributional set constrains all three types dissies: sup-
port, mean and second moment matrixC lis a finite union of disjoint convex sets (equipped with their
respective feasibility oracle), and if for eaéhC, N S # ), then our framework leads to a new Cheby-
shev inequality that can be evaluated in polynomial timestFin our framework the problem of finding
anI’ € D, is already resolved using the Dirac measyjjg We can also construct dr{z, §) that satisfies
Assumption 2 and Assumption 4 by choosindx, £) =0 and

1 itgec
hk(w,E){_oo , otherwise.

Therefore, if the distribution of is known to be a member @,, then clearly by the fact that

P(§ €C) = E[1{€ €C}) = Efmax hy(@,€)] = Elh(w.8)] < max E rlh(e.)] .
a tight Chebyshev bound can be found in polynomial time. Nudé by using the fornD, (R*, i, 3,0,1)
one can also provide useful upper bounds to the mentioneldaxéPversions of the problem which assumes
the covariance matrix to be known.

ExAaMPLE 2. Distributionally Robust Optimization with Piecewise-Linear Convex Cost
Assume that one is interested in solving the following DRSRIah for a general piece-wise linear convex
cost function ofr
e T

minimize <gé&g§ EF[mI?X E,ﬂ:]) )
where eaclg, € R™ is a random vector. This model is quite applicable since ermost functions can be
approximated by piecewise linear functions. By considg£imo be a random matrix whogeth column is
the random vectao, and takingh, (x, &) = EZm, which is linear (hence concave)gdnthe results presented
earlier allows one to conclude that the DRSP can be solvedegftly. In fact, due tdy,(x, &) — £ Q€ —
¢'¢ being a concave quadratic function &f the DRSP can be solved more efficiently then suggested
by Proposition 2. For instance, & can be formulated as an ellipsoid then the DRSP reduces tma se
definite program of finite size. Section 4 will exploit thisoperty to solve a portfolio optimization problem
efficiently.
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ExaMPLE 3. Distributionally Robust Conditional Value-at-Risk

Conditional value-at-risk, also called mean excess loas,nacently introduced in the mathematical finance
community as a risk measure for decision making. It is clpselated to the more common value-at-
risk measure, which for a risk tolerance level®dE (0, 1) evaluates the lowest amountsuch that with
probability 1 — 1, the loss does not exceedInstead, CVaR evaluates the conditional expectationss lo
above the value-at-risk. In order to keep the focus of ownudision on the topic of DRSP models, we refer
the reader to Rockafellar and Uryasev (2000) for technietdits on this subject. CVaR has gained a lot of
interest in the community because of its attractive contpartal properties. For instance, Rockafellar and
Uryasev (2000) demonstrated that one can evaluaté-B¥aRc(x, £)] of a cost function:(x, &), where
the random vectof is distributed according té’, by solving a convex minimization problem:

#-CVaR; [c(, £)] = min A+ TE [(e(w, &)~ V)]
where(y)* = max{y, 0} and where the notatioCVaR[-] emphasizes the fact that the measure depends
on the distribution of.

While CVaR is an interesting risk measure, it still requittess decision maker to commit to a distribution
F. This is a step that can be difficult to take in practice; tiustjfying the introduction of a distributionally
robust version of the criterion such as@erbakova (2005) and in Zhu and Fukushima (2005). Usieg th
results presented earlier, we can derive new conclusiantéogeneral form of robust conditional value
at risk. Given that the distribution is known to lie in a distritional setD;, let the Distributionally Robust
¥-CVaR Problem be expressed as:

zeX FeDy

(DR ¥-CVaR) minimize (maX ¥-CVaRr [c(m,&)])

By the equivalence statement presented above, this prablequivalent to the form

o . 1 n
minimize <}I?Ié%}i <rAn€1HI£ A+ EEF [(c(, &) —N) }))
Given thatc(x, &) meets the conditions of Assumption 2 and Assumption 4, onsleaw that the minimax
theorem holds fomaxgep, minycr since the functiol\ + ZE r [(c(x, &) — A)*] is real valued, convex in

A and concave (actually linear) ifl, and sinceD; is weakly compact (see Shapiro (2001)). Thus, inter-
changing thenax; andmin, operators leads to an equivalent formulation of thed®RVaR Problem:

minimize <max EF[h(m,A,E)O )

zEX AER FeDy

whereh(x, A\, &) = A+ 5(c(xz,€) — A)*. Since

@\ €) = )\—i-%max{ 0, c(@ &) -}
= max{ A, max (1—%))\—%%%(%5) } ,

itis clear that:(x, A, &) meets Assumption 2 and Assumption 4. Hence, Propositiolo®sls to conclude
that finding an optimak (and its associatel)) with respect to the worst case conditional value-at-rigkro
the set of distribution®; can be done in polynomial time.
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3. Moment Uncertainty in Data-driven Problems

The computational results presented in the previous seotly heavily on the structure of the described
distributional seD; . This set was built to take into account moment uncertamtije stochastic parameters.
We now turn ourselves to showing that such a structure caraheaily justified in the context of data-
driven optimization problems. To be more specific, we nowifon problems where the knowledge of
the stochastic parameters is restricted to a set of sam{@gles?’,, generated independently and randomly
according to an unknown distributiadfi. Under such conditions, a common approach is to assumehthat t
true moments lie in a neighborhood of their respective eicgdiestimates. In what follows, we will show
how one can define a confidence region for the mean and the@ovamatrix such that it is assured with
high probability to contain the mean and covariance mafrth@distribution of. This result will in turn be
used to derive a distributional set of the fofPa and will provide probabilistic guarantees that the solutio
found using our proposed DRSP model is robust with respdbettrue distribution of the random vector.
In order to simplify the derivations, we start by reformuigtthe random vectog in terms of a linear
combination of uncorrelated random variables. More speifi, given the random vect@ € R™ with
meany and covariance matrix > 0, let us define € R™ to be the normalized random vect{r=
»~'/2(¢ — p) such thatf [¢] = 0 andE [¢¢ "] = I. Also, let us make the following assumption abdut

ASSUMPTIONS. There exists a ball of radiuB that contains the entire support of the unknown distributio
of {. More specifically, there exist aRl > 0 such that

P((€—p)'S " (¢—p)<R)=1.

In practice, even when one does not have information apoatdX, we believe that one can often still
make an educated and conservative guess about the magaftutleWe will also revisit this issue in
Section 3.3 wheré? will be derived based on the bounded support @nd a set of sample, },. In
what follows, a confidence region fprand will be resolved based on Assumption 5 and on an inequality
known as the “independent bounded differences inequalityiich was popularized by McDiarmfdin
fact, this inequality can be seen as a generalized versibloeffding’s inequality.

THEOREM 1. (McDiarmid (1998)) Let{¢,}, be a set of independent random vectgysaking values in
a setS, for eachi. Suppose that the real-valued functigf€,,&,, ..., £€,,) defined onS; x S, x ... x Sy,
satisfies

|g(£17£2>"'a£M)_9(51175127"'a£/1\1)|écj (10)

whenever the vector sef§, }2, and{¢;}, differ only in thej-th vector. Then for any> 0,

P(Q(&l?&%"'aéM) _E[g(£17£27’£M)] < _t) < exXp ( _J\it 2)
Zj:l ¢

3.1. A Confidence Region for the Mean

A first use of the McDiarmid’s theorem leads to defining anpshiidal constraint relating the empirical
estimatgiu = M ' 3.1 ¢, to the true mean and true covariance matrix of the randonowéct
The following result is an interesting consequence of Mcilid's theorem.

LEMMA 4. (Shawe-Taylor and Cristianini (2003)) L&t} , be a set of\/ samples generated indepen-
dently at random according to the distribution@fif ¢ satisfies Assumption 5 then with probability at least
(1—0) over the choice of sampldg,},, we have that

1 M
M;ci

2
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This result can in turn be used to derive a similar statemeotizthe random vectd.

COROLLARY 1. Let{¢,}M, be a set ofM samples generated independently at random according to the
distribution of§. If £ satisfies Assumption 5, then with probability greater thand, we have that

(B—n)"Z7 (B —p) <BO) (11)

wherei = L "M ¢, and 3(5) = (R?/M) (2+ v/2In(1/4) )
Proof: This generalization for @with arbitrary mean and covariance matrix is quite strdmard:

2

P((p—p)' = (o —p) <B6) =P 1”( Zs u) <B(6)

2

=P ZCZ

SinceX is non-singular, the inequality of Equation (11) constsdme vectog and matrix3 to a convex
set. This set can be represented by the following linearirmetequality after applying the principles of

Schur’s complement:
(=) B |7

3.2. New Confidence Region for the Covariance Matrix

In order for Constraint (11) to describe a bounded set, onst tme able to bound the uncertainty 3h
While confidence regions for the covariance matrix are gipiadefined in terms of bounding the sum of
square differences between each term of the matrix andtiteage (see for example Shawe-Taylor and
Cristianini (2003)), we favor the structure imposed by timear matrix inequalities boundirg around its
empirical estimat& = M~ 3" (&, — 1) (&, — )"

Note that the difficulty of this task is mostly due to the fatattone needs to derive a confidence interval
for the eigenvalues of the stochastic mafiix /> ~*/2. For the case that interests us, whéfes m
with M finite andm fixed, prior work on this topic usually assumgss a normally distributed random
vector (see Anderson (1984) and Edelman (1989)). Under thes§dan assumption, the empirical covari-
ance matrix follows the Wishart distribution, thus one camfulate the distribution of eigenvalues in a
closed form expression and derive such percentile boundbel case whergé takes a non-normal form,
the asymptotic distribution of eigenvalues was studied atafhaux (1976) and Fujikoshi (1980) among
others. However, to the best of our knowledge, our work idfitisé to formulate a confidence region with
the characteristics presented in Equation (12) for a sasgilef finite size. In what follows, we start by
demonstrating how a confidence region of the form present&djuation (12) can be defined arouhe:

e C for the covariance matrix of. Next, we will assume that the mean is exactly known
and we will formulate the confidence region fBrin terms of3(p) = Zl (& —p) (& — )T We
conclude this section with our main result about a confideaeg®n foru andX which relies solely on the
M samples and on support information about the random véctor

LEMMA 5. Let{¢,;}, be a set of\/ samples generated independently at random according tdigie-
bution of¢. If ¢ satisfies Assumption 5, then with probability greater thand, we have that

1 P<1< 1

1+ a(0/2) =a(0/2)" (13)
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wherea(5/2) = (R?/ /M) (ﬂ “m/R+ \/ln(2/5)), provided that

M > R (VI m R+ \/ln(2/5))2 . (14)

Proof: The proof of this theorem relies on applying Theoretwite to show that botI?WI < T and

o057 —L__T occur with probability greater than— /2. Our statement then simply follows by the union
bound 3—|owever for the sake of conciseness, this prooffadlis on deriving the upper bound since the
steps that we follow can easily be modified for the derivatibthe lower bound.

When applying Theorem 1 to show thAt= ; 5/2)1 occurs with probability greater thah— 6/2,

the main step consists of defining¢,,¢,, ... ,CM) = minj =1 2 Iz and finding a lower bound for
E[g(¢;,¢s, -+, €y )]- One can start by showing that Constraint (10) is met whena R* /M for all j.

~ i ~l
|g(C17C2>"'aCM)_g(CIDCIQ) aCI\{)|_ min TIz_ min ZTIZ )

llzll=1 llzll=1

wherel’ = LS 1T —f4 L(¢l¢! T —¢,¢T) since{¢;}1, and{¢/}M, only differ in thej-th vector.
Now assume thahin .-, z"Iz > minj -, z T z. Then, for any:* € argmin| ;- 2 T2

: 7 * 4 *
|g(C1>C2>aCI\I)_g(C/17C/27>CI]\/[))| = min ZTIZ_Z TIZ

ll=ll=1

< z*T(j—j/)z*
* 1 Iy *
=z TM(C;CI - CjCjT)z

= L(<cT-z> <c’T )?)

Hz PG _

< .
- M M

Otherwise, in the case thatin,—, z"Tz < min._ 271 z, the same argument applies usiage
argmin”zH:l ZTjZ.

The task of boundin® [¢(¢;, {5, --.,{ )] IS @ bit harder. We can instead start by finding an upper bound
on the expected maximum eigenvalug & I) since

E [max zT(I—i)z} —1-E [min szz} , (15)

llzll=1 llzll=1

where the expectation is taken with respect to the randomimét Using Jensen’s inequality and basic
linear algebra, one can show that

(E {max zT(I—i)zD2 <E -<max 2T (I-1) )2

llzll=1 llzll=1

(3Ea-ce) )]

M
= trace (ﬁ ZE I— QCiCiT + (CK:)?)

= % <traCe (E [(QCZT)?}) _ trace (I)) _ E I:”C}‘\;:I —-m - R4]\}m |




Delage and Ye: Distributionally Robust Optimization under Moment Uneémty
Operations Research 00(0), pp. 000-G8DP000 INFORMS 13

whereo; (I — I) refers to thei-th singular value off — I. The derivation above uses the fact tifa@re
sampled independently thus makiBg(I — ¢;¢])(I—¢;¢) =E[I - ¢/ E[I —¢,¢]]1=0

By replacing this lower bound in Equation (15), we have thiaig(¢,,Cy, . Ca)] > 1 —
(R?/v/M)+/1—m/R* More importantly, Theorem 1 allows us to confirm the progasgper bound using
the following argument. Since the statement

~ ~ —92 2
P <min 2'Iz—E [min zTIz] §—5> <exp|—r—— | |
== == > (RY/M?)

2/
P <min 2z Iz—E [min zTIz} z—w> >1-4/2,
Izl=1 Izl=1 VM

and since replacing [min;—, 271z] to its lower bound can only include more random events, we nec
essarily have that

implies that

P <||r£ifl1 2T1z>1- f—QM <\/l—m/R4+\/ln(2/(5)>> >1-6/2 .

Thus, given thafl/ is large enough such that- «(d/2) > 0, we can conclude that

P(Ij %I) >1-6/2 .

The task of showing that/(1 + a(5/2))I < I also occurs with probability — §/2 is very similar. One
needs to apply Theorem 1, now definip@,,¢,, ...,{,,) = —min,—; z'Iz, and to demonstrate that
Elg(¢,€9s -, Car)] = —1—(d/2). The rest follows easily. [

REMARK 4. Considering the case whefés actually a random variable and where= Zf‘il 2, onecan
easily verify that the parameter(d) in Lemma 5 is asymptotically of the right order in termsiaf and
R. SinceE [¢*] is bounded byR*, the central limit theorem guarantees that/ (6> — E [¢?]) converges
in distribution toA"(0,E [¢*] — 1). Thus, it follows that the distribution afM/(E [¢4] — 1)) (62 — E [¢2])?
converges to a?-distribution with degree 1. For any> 0, one can find:(d) such thats* — E [¢?]| <

COVEICI *’E\/A_[f]_l is satisfied with probability greater than— §. Hence, asymptotically the confidence region

1 -1
<1+ 5)R) 62 <1< (1_%) a2 is tight.

We are now interested in extending Lemma 5 to a random vedtbrgeneral mean and covariance
matrix. Given the random event that Constraint (13) is Batisthen:

1 R
I<—— [ =x?1'2< 721/2121/2
-« (5/) a(0/2)
M
1/2 1/2
:52_1_ 7D Z D>

M
:»2_1_ 573 gs (& — )

= 2571_;(5/2)53(#) ,

and similarly,

I .
a0 S 7 g W 2T
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Since Constraint (13) is satisfied with probability greatean 1 — §, the following corollary follows
easily.

COROLLARY 2. Let{¢;}M, be a set ofM/ samples generated independently at random according to the
distribution of&. If £ satisfies Assumption 5 ard satisfies Constrain{l4), then with probability greater

thenl — §, we have that . .

S D D e — >
TTa@2) W 2B =)
whereX(p) = L SN (¢, — p) (&, — u)" anda(5/2) is defined as in Lemma 5.
Combined with Corollary 1, this statement leads to the deon of a convex set which is constructed

using empirical estimates of the mean and covariance matikyet is guaranteed to contain the true mean
and covariance matrix & with high probability.

THEOREM 2. Let {¢,}M, be a set ofM samples generated independently at random according to the
distribution of&. If £ satisfies Assumption 5 and satisfies Equatioiil4), then with probability greater
than1 — § over the choice of¢,},, the following set of constraints are met:

(=)= (e —p) < B(6/2) (16a)
1 ~
F 2T/ B0 —
1 o
X e (16c)

where 31 = L (€, — @)(E, — i), 0(5/4) = (R/VIT) (VI —m/Bi+ /m(35)), B(5/2) =
(R?/M) <2+ NG 1n(2/(5)) .

Proof: By applying Corollary 1, 2, and Lemma 5, the union lsbgoarantees us with probability greater
thanl — § that the following constraints are met:

(=)= (—p) < B(5/2)
1 X
e W
1 X

Y- 1"‘047(5/4)2(”) .

Note that our result is not proven yet since, although the d¢osistraint is exactly Constraint (16a), the
second and third constraints actually refer to a covarianagix estimate that uses the true mean of the
distribution instead of its empirical estimate. The follog steps will convince us that these conditions are
sufficient for Constraint (16b) and Constraint (16c) to hold

11\[

(1=a(6/9)2 2 2(w) = 57> (E-w(E—m' Z o) (€ — ot o= )’

1=1
M
= Z (&= )& — )"+ (& — ) (=" + (i —p)(& — @)+ (—p) (i —p)"
=S4 (p-p)(p-p) = E+5(5/2)T
where the last semi-definite inequality of the derivation ba explained using the fact that for any R™,

e (fpp—p)(p—p)e= (2 (0 —p)*= (wT21/2 =2 (- u))2
< leTEVPIET A (- w) P < B(6/2) S
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Thus we can conclude that Constraint (16b) is met. Simiksstan be used to show that Constraint (16c)
also holds:
M

(1+a(/0)S = S(u) = 3= (E -~ w(& ) = S+ (@ mwa-w =5 O

=1

3.3. Bounding the Support of ¢ using Empirical Data

The above derivations assumed that one can describe a b&dimiog the support of the “fictitious” random
vector(. In fact, this assumption can be replaced by an assumpticdheosupport of the more tangible
random vectok as is presented in the following corollary.

COROLLARY 3. Let{¢,}M, be a set ofM samples generated independently at random according to the
distribution of€. Given that the support of the distribution&fs known to be contained if, let

R =sup ||ZA]_1/2
5685

(&= )l
be a sample-based approximation/®find for anys > 0, let
_\ —1/2
VM
whered =1 — /1 —06. If

2 8++/32In(4/6 :
M > max<{ (R?42)? (2—1-\/2111(4/5)) : ( i fhd )4) : (17)
(\/R+4—R>
then with probability greater thanl — ¢, constraints (16a) (16b) and (16c) are satisfied with
a(6/4) and 3(6/2) replaced witha(é/4) = (R?/vVM) <\/1—m/R4+\/ln(4/5)) and 3(5/2) =

(R?/M) (2 + \/2111(2/5))2 respectively.

Proof: Since we assumed thatwas non-singular, the fact that the supporgads bounded by a ball of
radiusR, implies that¢ is also bounded. Thus, there existsasuch thafP(||¢|| < R) = 1. Given that
has a bounded support and given Condition (17), Theoremrhgtees us that with probability greater than
1 — 6, constraints (16a), (16b), and (16c) are met. Thus

R = sup [¢]=sup [E7*(& — p)|| = sup |Z7* (€~ p+ i A
CeSe £€Se £€S,
< sup [[Z72(E— @) + |72 (- )
5685

< sup/1+a(3/2)[5 (€ — )| +1/B(5/2)

£€S,
< \/14+a(6/4)R+1/B(6/2)
< RV1+cR>+cR ,

wherec = (2 - \/2111(4/5)) /M.
A careful analysis of the function(R, R)A: R\/1+ cR? +cR leads to the observation thatif satisfies
R,

Condition (17) then the fact thdt < ¢(R, ) necessarily implies tha < R. We can therefore conclude
thatP(R < R) >1— .



Delage and Ye: Distributionally Robust Optimization under Moment Uneeénty
16 Operations Research 00(0), pp. 000-a8DP000 INFORMS

Given the event thak < R occurs, since
a(6/4) = (R?/V/M) <\/1 —m/R4+/21n(4/9) >
< (RQ/\/M) <\/1 —m/R4 + \/2111(4/5)) =a(6/4)

and since

2

806/2) = (/o) (2+ \/21n<2/5>)2 < (@) (24 2m/)) =56/

we can conclude with a second application of Theorem 2 thidt probability greater tham — § the fol-
lowing statements are satisfied:

N T T CTE R et e Tyl
1 1 N
G TG

It follows that Theorem 2 applies with(5/4) and 3(5/4) because the probability that the evehthat
constraints (16a), (16b), and (16c) equipped witld /4) and 3(5/4) are met is necessarily greater than
1-4:

PE)>PEIR<RP(R<R)>(1-6)(1-8§)=1-6§ . O

3.4. Data-driven DRSP Optimization

In some practical situations where one wishes to formulddR&P model, it might not be clear how to
define an uncertainty set for the mean and second momenkro&thie random vector of parametegsit
is more likely the case that one only has in hand a set of inul#gret sampled&,}2,, drawn according to
the distribution of¢ and wishes to guarantee that the solution of the DRSP modabisst with respect to
what the unknown distribution of the random vecganight be.

We will first use our recent result to define, based on the ses{gl },, a set of distributions which is
known to contain the distribution &fwith high probability, given thal/ is sufficiently large.

DEFINITION 2. Given a se{¢,}, of M samples, for any > 0 let f, 3, 4, and¥, be defined as

—%Zé , S P ICRIC
. BG/2) S E: (7008
L1 a(e/4) - B(8/2) ‘T 1-a(5/4) - B(s)2)

wherea(é/4) = O(1/v/M) and3(6/2) = O(1/M) are constants defined in Corollary 3.
Note that it follows from Definition 2 that;, — 0 andy, — 1 asM goes to infinity.

COROLLARY 4. Let {¢,1M, be a set ofM samples generated independently at random according to
the distribution of¢. If M satisfies Constrainfl7) and £ has a support contained in a bounded set
then with probability greater than — & over the choice of¢; M., the distribution of¢ lies in the set

DI(S IJ/7 7717”’2)
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Proof: This result can be derived from Corollary 3. One caowsthat given any estimatgs and3: that
satisfy both constraints (16a) and (16b) equipped with/4) and 3(¢/2), these estimates should also
satisfy constraints (1a) and (1b). First, Constraint ($ajdcessarily met since for sughand3:,

(1-a(6/4) - B(3/2)(h—E[€)'S (h—E[€) < (h—E[€) =" (a-E[g]) < B(/2),
where we used the fact that Constraint (16a) implies #1& 'z > (1 — a(5/4) — B(S/Q))mTﬁflm for
anyz € R™. Similarly, the samgi andX: can be shown to satisfy Constraint (1b):

1

—a(0/4) — B(6/2)

S >=% =E[¢¢'|-E[EE[E]"
862 4
—a(6/4)—pB(0/2)

~E[€-mE— )T
since for allz € R™,
2EEE[E] e = (2"(E[E)—p+p) = (z"(EE] - i) +22"(B[E] - o)’z + ()’
= trace (2'S/?5 7 2(B[€] - @) (E[€] - )T=7°8 22 ) + 22 B[]t @ — (27 f2)?
< (E[]-)'S HE[¢] - p)a S+ 22 B¢z — (¢ 1)
o (i S A ARl - ) @

_ x( 5O/ g,
1—a(6/4) —p(6/2)

By Corollary 3, the random variablgs and > are known to satisfy constraints (16a) and (16b) with
probability greater thah— ¢, therefore they also satisfy Constraint (1a) and Const¢a) with probability
greaterthan —o. 0O

We can now extend the results presented in Section 2 to adda&r framework where moments of the
distribution are estimated using independent samplesdan the computational argument of Proposi-
tion 2 and the probabilistic guarantees provided by Cornplfy we present an important result for data-
driven problems.

IN

E €]~ E[(€ — i)(€ - m) "

THEOREM 3. Let{¢,}M, be a set of\/ samples generated independently at random according tdighe
tribution F" whose support is contained in the setFor anyd > 0, if assumptions 1, 2, 3, and 4 are satisfied
then, given the s€,} |, one can solve ProblefT) in polynomial time under the s&, (S, i, 37, 2)
wherefi, 3, 7,, and4, are assigned as in Definition 2. Furthermore)if satisfies ConstrainfL7), then
with probability greater thari — ¢ over the choice of¢;}2 |, we have that any optimal solutiat of the
DRSP formed using these samples will satisfy the constraint

E [h(m*ag)] < \Ij(m*/?laﬁ/?) 9
whereE [-] is the expectation with respect to the true distributiorg of

Since we believe the moment problem to be interesting invits ight, we wish to mention a simple
consequence of the above result for moment problems in addigen framework.

COROLLARY 5. Letd > 0 and let{¢,}}, be a set ofM samples generated independently at random
according to the distributior” which support is contained in the s&t For anyd > 0 and functiong (&) , if

S satisfies Assumption 1 and the functigix, &) = g(&) satisfies Assumption 2 then, given the{get .,
one can solve in polynomial time the moment problem

maximize Erg[g(€)] ,
F € D1(S..3,71,72)
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wherefi, 3, 4, and 9, are assigned as in Definition 2. Furthermore)if satisfies ConstraintL7), then
with probability greater than — ¢ over the choice of¢,},, we have that

Elg(§)] < ¥(0;%,%) ,

whereE [-] is the expectation with respect to the true distributiorg of

4. Application to Portfolio Optimization

We now turn ourselves to applying the DRSP framework to atairte of portfolio optimization. In such
a problem, one is interested in maximizing his expectedytbtained from the single step return of his
investment portfolio. Given that investment options are available, the expected utility lbaniefined as
E [u(&"x)], whereu(-) is a non-decreasing function aga: R is a random vector of returns for the differ-
ent options. In the robust approach to this problem, one egfrdistributional s€? that is known to contain
the distributionF and chooses the portfolio which is optimal according to tiwing Distributionally
Robust Portfolio Optimization model:

(DRPO) maximize Pgnelr%) E plu(€'x))] (18a)
subject to Zaﬁi =1, >0. (18b)

i=1

In Popescu (2007), the author addressed the case of Prob&mvhereR [¢] andE [£€¢] are known
exactly and one considef? to be the set of all distributions with such first and secondneiats. Based
on these assumptions, the author presents a parametricatjopgatogramming algorithm that is efficient
for a large family of utility functionsu(-). This approach is interesting since it provides the meataski®
into account uncertainty in the form of the distribution efurns. However, our experiments show that in
practice it is highly sensitive to the noise in the empirieatimation of these moments (see Section 4.3).
The proposed algorithm also relies on solving a one-dino&r@dinon-convex mathematical program; thus,
there are no guarantees of finding a near optimal solutiomliynemial time. Although the approach that
we are about to propose addresses a smaller family of uflilitgtions, it will take into account moment
uncertainty and will lead to the formulation of a semi-ddénprogram, which can be solved efficiently
using interior point methods.

In Goldfarb and lyengar (2003), the authors attempt to accr moment uncertainty in Markowitz
models. Their motivation is closely aligned with ours andngnaf the techniques that they propose can
be applied in our contexe.g, the use of factor models to reduce the dimensionalitg. &imilarly, the
results presented in Section 3 for a data-driven framewokilsl extend easily to the context of Markowitz
models. Because Problem (18) reduces to a Markowitz modehwite utility function is quadratic and
concave, we consider our model to be richer than the onedersl in Goldfarb and lyengar (2003). On
the other hand, a robust Markowitz model typically gives tis a problem that is simpler to solve.

4.1. Portfolio Optimization with Moment Uncertainty

In order to apply our framework, we make the assumption thatutility function is piecewise linear
and concave, such thaly) = min,c(i 5, k3 ary + by With a;, > 0. This assumption is not very limit-
ing since most interesting utility functions are concavd aan usually be approximated accurately using
simple piecewise linear functions. We use historical krealgke of investment return€,,&,,...,&,,} to
define a distributional uncertainty set fér. This is done using the s&?, (S,ﬂ,ﬁl,fyl,fyg) where v and

3 are assigned as the empirical estimates of the njeani/—* Zi\ilgi and covariance matri¥ =
M1 Zij\il (&, —[)(&,— )T of € respectively We consider two options for the choice®feitherS = R™,

or is an “ellipsoidal” setS = {£|(¢& — &,)"O©(& — &,) < 1}, where® has at least one strictly positive
eigenvalue.
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Building on the results presented in Section 2, one can niekimtiowing statement about the tractability
of the DRPO model.

THEOREM4. Given thatu(-) is piecewise linear concave and th&t= R" or ellipsoidal, finding an
optimal solutionz € R™ to the DRPO model, Probler(i8), equipped with the set of distributions
Dy (S, fr, X, v1,72) can be done itD (n5?).

Proof: We first reformulate Problem (18) as a minimizatiookpem :

L. T
minimize max. E rlmax —a €& x© —b;) |
zEX F € Di(S,i4,371,72) k

whereX = {z e R"|z >0, Y., z; = 1}. After confirming thatS, with © - 0, satisfies the weaker ver-
sion of Assumption 1 (see Remark 3) and thét, £) = max,, —a,¢'x — b, satisfies Assumption 2 and
Assumption 4, a straightforward application of Proposit® shows that Problem (18) can be solved in
polynomial time. In order to get a more precise computatibnand, one needs to take a closer look at the
dual formulation presented in Lemmadf ( the details in the appendix), and exploit the speciakstne

of the objective functior(x, &) of Problem (18):

Ininimize 1(BeQ)— i Qi+r+(XeP)—24"p+s (19a)

subject to [;ﬂio, p=-q/2-Qp , Q=0 (19b)
E'Qe+¢"q+r>—at'x—b,,VEeS ke {l,2,... K} (19¢c)
Zn:a;izl, x>0 . (29d)
P

Given thatS = R", one can use Schur's complement to replace Constraint tOah equivalent linear
matrix inequality:

minimize 72(53 °Q)— ﬂTQﬂ +7r+ (ﬁ] oP)— 2,1Tp+715

z,Q,q,r,P.,p,s
subject to LI:T I;] =0, p=—q/2—Qp

Q q/2+ax/2
{qT/Q—i-akwT/Q T+ by, =0, vk

zn:xizl , €>0 .
=1

On the other hand, i is ellipsoidal and® has at least one positive eigenvalue, then the S-Lemma
(cf., Theorem 2.2 in Polik and Terlaky (2007)) can be used forgivenk € {1, ..., K} to replace Con-
straint (19c), which enforces that

B¢ eR" suchthat Qe +&Tq+r<—a’a—b, N\ (E-€)OFE-¢)<1,
with the equivalent constraint that

7, >0suchthatV ¢ eR™, €' Q€+ & g+r+a€’z+b, > -7, ((€—&)"OE—&)—1) .



Delage and Ye: Distributionally Robust Optimization under Moment Uneeénty
20 Operations Research 00(0), pp. 000-a8DP000 INFORMS

The problem can therefore be reformulated as a semi-defiragram:

minimize ’}/2(2 °Q)— 0Qp+r+ (ﬁ] o P)— 20" p+is
P8, T

z,Q,q,r,P
subject to [11;1;} =0, p=—q/2—-Qi , Q=0
Q q/2+aka:/2 — T e _950 Vi
q/24ax"/2  r4b [T P60 £0g 1]

Tkzo vk

in:l , x>0,
1=1

wherer € R¥ is a new vector of optimization variables.
In both cases, the optimization problem that needs to beeddlra semi-definite program. It is well
known that an interior point algorithm can be used to solvEBPR of the form

minimize c'x
xcR”

subject to A;(x) =0 Vi=1,2,...,. K

P 0.5 -~ -
in O ((Zfilﬁ%) (fﬂ SRl +ﬁ2£lm§) , wheres, stands for the dimension of the positive

semi-definite cond.g., A;(x) € R™i*™:) (see Nesterov and Nemirovski (1994)). In both SDPs thatérst
us, one can show that< n?+4n+ 2+ K and that both problems can be solvedii3-5n5-*) operations,
with K being the number of pieces in the utility functieft). We conclude that the portfolio optimization
problem can be solved i@(n%%). O

The results presented in Theorem 4 are related to Bertsitmals @000) where the authors proposed
semi-definite programming models for solving moment protdehat are similar to the one present in the
objective of the DRPO. However, notice how the two SDP modeislved in the proof of Theorem 4
actually address the harder task of finding an optimal rotesision and yet do not lead to in a heavier
computational load. It is also the case that our proposed RD&els consider a more practical set of
distributions which accounts for mean and covariance mainicertainty (in the form of a linear matrix
inequality) and support information.

REMARK 5. The computational complexity presented here is basedearrgl theory for solving semi-
definite programs. Based on an implementation that uses I8e(@iurm (1999)), we actually observed
empirically that complexity grows in the order 6f(n°) for dense problems. In practice, one may also
be able to exploit the structure of problems where subsetin@ar combinations) of assets are known to
behave independently from each other.

4.2. A Case of Worst Distribution with Largest Second Moment Matrix

When presenting our distributionally robust framework,amgued in Remark 1 that a positive semi-definite
lower bound on the centered second moment matrix was uastieg. Actually, in the case of a portfolio
optimization problem with piecewise linear concave utifitnction, the argument can be made more for-
mally. The proof of the following proposition also providealuable insights on the structure of a worst
case distribution for the distributionally robust porifobptimization problem.

PrRopPOSITION3. The distributionally robust portfolio optimization pradsh with piecewise linear concave
utility and no support constraint on the distribution is arsfance of Probler(i) where Constrain{4c) of
its inner moment problem is tight for a worst case distribati
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Proof: Consider the inner problem in the robust portfolidimjzation with no support constraint on the
distribution:

max E p[max —a,&'x —by] . (20)
F € D1 (R",f1,3,0,72) k

For simplicity, we consider that there is no uncertaintyhia mean of the distribution.é., v, = 0); thus,

Constraint (4c) reduces to an upper bound on the covariaatéxnof £. The dual of this problem can be

shown to reduce to:

minimize (LoQ)+ ' Qfu+ ' q+r

Q,q,r
Q q/2+arx/2

subject to [qT/Q Yax /2 by

] =0,Vke{l,2,...K} .

Applying duality theory a second time leads to formulatimesv equivalent version of the primal problem,
which by strong duality achieves the same optimum:

maximize arx Ay +vb (21a)

{(A kA kZ:l : : e
subject to Z A= 722 + e’ (21b)

K

> =i, ka =1 (21c)

k=1 k=1
[ ’“i"“]zo Vke{l,2,..,K} . (21d)

3

We can show that there always exists an optimal solution s@h Constraint (21b) is satisfied with
equality. Given an optimal assignment* = {(A;,A;,v;)}+_,, consider an alternate solutioki’ =
{(A}, AL, vi) HS, which is exactly the same as the original soluti®n except forA; = A} + A where
A=Y+ ap" — Zk LA, = 0. Obviously the two solutions achieve the same objectlveeablnce
{(X5, v M and{(\,, v | are the same. If we can show thét is also feasible then it is necessarily
optimal. The only feasibility constraint that needs to befied is the following:

A, X, A X A0
= -
R reiei R I KO

and is necessarily satisfied since by definitiohis feasible and by constructiah is positive semi-definite.
It is therefore the case that there exists a solufionthat is optimal with respect to Problem (21) and
satisfies Constraint (21b) with equality. Furthermore, isn&ssured thaZkK:1 arx" X, + ;b is equal to
the optimal value of Problem (20).

After assuming without loss of generality that &} > 0, let us now construck random vectors
{¢4,¢,, -, € } that satisfy the following conditions:

1 1
E [Ck] = F)‘Z , E [CkCZ] = FAZ :

k k

Note that sinceX* satisfies Constraint (21d), we are assured that

Bl -EGIEGT = | gl o] [EGsHBEI) [ L ]
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~[etar] |55 | [ et
T CER]T 1X‘T 1| [-E[C]
1 A A* I
= — X . = 0.
i oster] [ 2] st ]

Hence, such a set of random vectf(s, ¢,, ..., i } exists. Forinstance, £ [(¢, —E[¢,]) (¢, —E[¢,])T] =

0, then¢, can take the form of a multivariate Gaussian distributiothwuch mean and covariance matrix.
Otherwise, one could construct a lower dimensional randeator; in particular, iff [(¢, — E[(,]) (¢, —

E [¢,])T] = 0 then the random vector could have the Dirac meaéuge; as a distribution.

Let k be a discrete random variable that follows a distributiothypiarameteréy;, v, ..., v ), such that
P(k =) = v, and use it to construct the random vedfor ¢;. Since X * satisfies Constraint (21b) and
Constraint (21c) tightly, one can show that the distribufionction of¢”™ lies inD(R”™, fa, 3,0, ~-,) and has
largest covariance.

K K
E£)=Y B[ k=kP(k=01)=> —Avi=f
k=1 k=1 k
K
B¢ )= E[¢ ik =kP(k= l)zz —Ajvp =13+
k=1 k=1 Vi

Moreover, when used as a candidate distribution in Prob2Bhif actually achieves the maximum since
we can show that it must be greater or equal to it.

K
E max —aqx' ¢ — bl] = ZE {mlax —ax" ¢ — bl‘i{ = k} ]P’(/:: =k)

>
Il
—

E [—akwTCk — bk]]P(k = k’)

S —a@ ™~ b

k=1

= max E p[max —a,x'€ — by
F € Di(R™,1,2,0,72) k

IV
a—MN

=T

We conclude that we just constructed a worst case distoibuliat does have the largest covariancél

An interesting consequence of Proposition 3 is that in taenéwork considered in Popescu (2007), if
the utility function is piecewise linear concave, one cad fime optimal portfolio in polynomial time using
our semi-definite programming formulation with the distitibnal seD, (R", fi, 3,0, 1). Theoretically, our
semi-definite program formulation is more tractable thattethod proposed in Popescu (2007). However,
it is true that our framework does not provide a polynomialdialgorithm for the larger range of utility
functions considered in Popescu (2007).

REMARK 6. Since the submission of this article, we became aware adépandent work presented
in Natarajan et al. (2008), which also addresses the coriquoih difficulties related to the method pro-
posed by Popescu. Their work is closely related to our re8atually, for the case of unbounded support,
their derivations lead to a further reduction of the DRPO eiadith known moments to the form of a
second-order cone program. On the other hand, they do nsitdmrsupport constraints and do not study
the effect of moment uncertainty on the performance of &glaot Their approach is therefore susceptible,
in practice, to the same deficiencies as Popescu’s method tithkanoments are estimated using historical
data.
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Figure 1 Comparison of wealth evolution in 300 experiments condlioieer the years 2001-2007.
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4.3. Experiments with Historical Stock Data

We evaluate our portfolio optimization framework using astdrical data set of 30 assets over a horizon of
15 years (1992-2007), obtained from the Yahoo! Finance \itel Each experiment consists of randomly
choosing 4 assets, and building a dynamic portfolio witrséhassets through the years 2001-2007. At
any given day of the experiment, the algorithms are alloveedste a period of 30 days from the most
recent history to assign the portfolio. All methods assulna in this period the samples are independent
and identically distributed. Note that 30 samples of datghinbe insufficient to generate good empirical
estimates of the mean and covariance matrix of returns; ewvasing a larger history would make the
assumption of independent and identical samples somewheslistic.

In implementing our method, referred as the DRPO model, ibkgilolitional set is formulated as
D: (R, fx, 3,1.35, 8.32), wheref and3: are the empirical estimates of the mean and covariancexoéi
respectively. Due to the sample size being too small to sqidinameters, andy, as shown in Definition 2,
instead these parameters are chosen based on a simplecatadisalysis of the amount of noise present
in the estimation of mean and covariance matrix during thery@992-2002.We compare our approach
to the one proposed by Popescu (2007), where the mean andacmeamatrix of the distributiorF' is
assumed to be equal to the empirical estimates measureeé @astiB0 days. The method is also compared
to using a naive approximation of the stochastic prografermed as the SP model, which maximizes the
average utility over the last 30 days. We believe that thigssitzs obtained over the set of 300 experiments
and presented in Table 1 demonstrate how much there is targsmms of average performance and risk
reduction by considering an optimization model that ac¢stor both distribution and moment uncertainty.

Table 1  Comparison of short and long term performance over six yefarading.

Single Day Utility| Yearly Return Yearly Return
Method (2001-2007) (2001-2004) (2004-2007)

Avg. 1stperc.| Avg. 10th perc| Avg. 10th perc.
Our DRPO model |1.000 0.983 |0.944 0.846 |1.102 1.025
Popescu’s DRPO model1.000 0.975 |0.700 0.334 |1.047 0.936
SP model 1.000 0.973 |0.908 0.694 |1.045 0.923

First, from the analysis of the daily returns generated lheaethod, one observes that they achieve
comparable average daily utility. However, our DRPO motheids out as being more reliable. For instance,
the lower 1st percentile of the utility distribution is 0.8%gher then the two competing methods. Also, this
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difference in reliability becomes more obvious when coesity the respective long term performances.
Figure 1 presents the average evolution of wealth on a six-geriod when managing a portfolio of 4
assets on a daily basis with any of the three methods. In Talilee performances over the years 2001-
2004 are presented separately from the performances aveetrs 2004-2007 in order to measure how
they are affected by different levels of economic growthe Tigures also periodically indicate the 10th
and 90th percentile of the wealth distribution over the €3G0 experiments. The statistics of the long
term experiments demonstrate empirically that our metlgrifscantly outperforms the two other ones in
terms of average return and risk during both the years of@odangrowth and the years of decline. More
specifically, our DRPO model outperformed Popescu’s DRP@ahim terms of total return accumulated
over the period 2001-2007 in 79.2% of our experiments. Atgeerformed on average at least 1.67 times
better than any competing model. Note that these expergrantpurely illustrative of the strengths and
weaknesses of the different models. For instance, then®tmeasured in each experiment do not take
into account transaction fees. The realized returns acelagésed due to the fact that the assets involved
in our experiments were known to be major assets in theigoayein January 2007. On the other hand,
the realized returns were also negatively biased due toattiettiat in each experiment the models were
managing a portfolio of only four assets. Overall, we badithat these biases affected all methods equally.

Appendix. Proof of Lemma 1

We first establish the primal-dual relationship betweerbferm (4) and Problem (5). In a second step,
we demonstrate that the conditions for strong duality talflaoé met.

STep1. One can first show, by formulating the Lagrangian of Prob(8), that the dual can take the
following form

minimize (720 — poptg) @ Q + 7+ (o @ P) = 29p + 115 (22a)
subject to &' Q& —2¢" (p+ Quy) +r—h(w,€) >0 , VEES (22b)
Q-0 (22c)
Ppl g (22d)

pT B - }

wherer € R and@ € R™*™ are the dual variables for Constraint (4b) and Constraio} {dspectively,
while P € R™*™, p € R™ ands € R form together a matrix which is the dual variable associaigd
Constraint (4d).

We can further simplify this dual problem by solving anadglly for the variable$ P, p, s), while keep-
ing (Q, r) fixed. Because of Constraint (22d), we can consider two daséise variables*: eithers* =0
or s* > 0. Assuming thak* = 0, then it must be thgt* = 0 otherwisep*'p* > 0 and

T * * T ¥, %
p| | P p||p T T, p" Pp
. =p* P'p* —2p* <0, fory>———,
[y] |:p*TS:||:y:| b p PPy Y 2T
which contradicts Constraint (22d). Similarli” = 0 is an optimal solution since it minimizes the objec-
tive. We conclude that it* = 0 then, after replacing = —2(p + Qu,), Problem (22)’s objective does
indeed reduce to

72(B0eQ) — I Quo+7 = T+7(Z00 Q)+ Quo+ ig + |2y (g +2Quy)]|

If instead one assumes that > 0, then using Schur's complement, Constraint (22d) can bevisho
equivalent taP = 1pp'. SinceX, = 0, P* = 1pp' is a valid optimal solution and can be replaced in the
objective. It remains to solve for* > 0, which reduces to solving the one dimensional convex ogami
tion problemminimize,., +p" Xop + 71 5. By setting the derivative of the objective function to zene
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obtain thats* = ;/%pTEOp. Thus, once again, after replacigg= —2(p + Qu,), the optimal value of
Problem (22) reduces to the form of Problem (5):

4+ 72(S0 0 Q) + i Quig + i+ 1B (g +2Qu,)]| -

STEP 2. One can easily show that the conditionsyny, andX, are sufficient to ensure that the Dirac
measure,,, (see Endnote 1 for definition) lies in the relative interiditte feasible set of Problem (3).
Based on the weaker version of Proposition 3.4 in Shapird{2@ve can conclude that there is no duality
gap between the two problems and tha¥ifx;~;,-) is finite then the set of optimal solutions to Prob-
lem (5) must be non-empty. [J

Endnotes

1. Recall that the Dirac measufgis the measure of mass one at the paint

2. Note that if¢’s support set is unbounded, one can also derive bounds désmature either by consid-
ering that¢ has bounded support with high probability, or by making uspastial knowledge of higher
moments of the distribution. This last fact was recentlyfirored in So (2008).

3. One should also verify that > 0.

4. The list of assets that is used in our experiments wasregd iy Goldfarb and lyengar (2003). More
specifically, the 30 assets are: AAR Corp., Boeing Corp. ,kheed Martin, United Technologies, Intel
Corp., Hitachi, Texas Instruments, Dell Computer CorplpPenc., Hewlett Packard, IBM Corp., Sun
Microsystems, Bristol-Myers-Squibb, Applera Corp.-CQalé&roup, Eli Lilly and Co., Merck and Co.,
Avery Denison Corp., Du Pont, Dow Chemical, Eastman Cheln@ca, AT&T, Nokia, Motorola, Ariba,
Commerce One Inc., Microsoft, Oracle, Akamai, Cisco SysteNorthern Telecom, Duke Energy Com-
pany, Exelon Corp., Pinnacle West, FMC Corp., General Eted¢ioneywell, Ingersoll Rand.

5. More specifically, given that one chooses 4 stocks ranglamdl selects a period of 60 days between
1992 and 2001 randomly, the values fgrand-y, are chosen such that when using the first 30 days of the
period to center the s&(v,,7-), the distributional set contains, with 99% probabilitystdbutions with
moments equal to the moments estimated from the last 30 days period.
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